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Abstract
In this paper we perform the Hamiltonian reduction of the action for three-dimensional
Einstein gravity with vanishing cosmological constant using the Chern-Simons formulation
and Bondi-van der Burg-Metzner-Sachs (BMS) boundary conditions. An equivalent for-
mulation of the boundary action is the geometric action on BMS3 coadjoint orbits, where
the orbit representative is identified as the bulk holonomy. We use this reduced action to
compute one-loop contributions to the torus partition function of all BMS3 descendants
of Minkowski spacetime and cosmological solutions in flat space. We then consider Wil-
son lines in the ISO(2, 1) Chern-Simons theory with endpoints on the boundary, whose
reduction to the boundary theory gives a bilocal operator. We use the expectation values
and two-point correlation functions of these bilocal operators to compute quantum contri-
butions to the entanglement entropy of a single interval for BMS3 invariant field theories
and BMS3 blocks, respectively. While semi-classically the BMS3 boundary theory has
central charges c1 = 0 and c2 = 3/GN , we find that quantum corrections in flat space do
not renormalize GN , but rather lead to a non-zero c1.
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1 Introduction
The holographic principle [1,2] plays a vital role in our current understanding of quantum
gravity. It paved the way in which one can define a theory of quantum gravity using its
dual quantum field theory. Particularly in anti-de Sitter (AdS) spacetimes much progress
has been made in terms of connecting bulk physics to the dual boundary conformal
field theory (CFT). The special case of two-dimensional CFTs has a rich history (see for
instance [3–11]) and much ongoing interest [12–16] in trying to understand pure AdS3
quantum gravity from dual CFT arguments.
Similar attempts to understand pure quantum gravity in three-dimensional flat spacetimes
from a holographic perspective are, despite much recent progress [17–39], less developed
in comparison to the AdS/CFT case. In part, this is due to the fact that it is not
immediately clear what the theory should be dual to. Without a top-down example –
such as the AdS/CFT-correspondence – 3D flat space holography in its current incarnation
mainly consists of matching asymptotic symmetries at null infinity to the symmetries of
ultra-relativistic limits of CFT2, statements about the kinematics and consequences of
this symmetry [17, 40–46]. Fortunately, like in the case of 2D CFTs, the asymptotic
BMS3 symmetries [47, 48] of flat spacetime at null infinity are infinite dimensional and
hence very powerful. It is thus not unimaginable that the program of applying universal
CFT2 methods to constrain pure AdS3 quantum gravity can be adapted to flat space in
a similar fashion.
Alongside these developments there has been a parallel approach to holography in three
dimensions. The crucial observation is that three-dimensional gravity can be formulated
as a Chern-Simons theory of the gauge group corresponding to the isometries of the
maximally symmetric background solution in question [49, 50]. Motivated by the ‘con-
strain first, quantize later’ approach to the quantization of Chern-Simons theory [51],
Coussaert, Henneaux and van Driel [52] performed a Hamiltonian reduction of the ac-
tion under Brown-Henneaux [53] boundary condition. They found that the action can be
presented as two chiral Wess-Zumino-Witten (WZW) models, that combine into a single
non-chiral WZW. Under the Brown-Henneaux boundary conditions, this action reduces
further to the Liouville action on the asymptotic boundary. However, it would be prob-
lematic to then declare quantum Liouville theory to be AdS3 quantum gravity, as Liouville
theory contains non-normalizable modes, has a continuous spectrum and no normalizable
ground state. Furthermore, in the reduction of [52], bulk holonomies were not consid-
ered (and only partially considered in the appendix of [54]), excluding a large portion of
the asymptotically AdS3 solution space, including the Ban˜ados-Teitelboim-Zanelli (BTZ)
black holes of [55].
If one wants to consider also the BTZ black holes (and their descendants) in this framework
one would have to deal with more generic topologies than the filled cylinder of global AdS3
and include both asymptotic boundaries of the eternal black hole [56]. One effective way
to consider the dynamics on a single boundary is to ‘cut out’ the spacetime of one of the
two asymptotic regions and work with Chern-Simons theory where the constant time-
slice is a disk with a puncture. Now the Wilson loop surrounding the puncture is no
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longer contractible and the resulting holonomy measures the black hole mass and angular
momentum (or any other global charges of the region that we cut out). A repetition of
the Hamiltonian reduction in this situation would forbid one to combine the two chiral
WZW models as each now have independent zero modes. Instead, the two chiral WZW
models reduce further to two chiral bosons [57, 58], where the zero modes of the bosons
are related to the bulk holonomy [56,59]. An equivalent formulation of this action arises
from the Kirillov-Konstant coadjoint orbit method for the Virasoro group, worked out by
Alekseev and Shatashvili in the eighties [60].
The relation between the Alekseev-Shatashvili (AS) action, quantization of the coadjoint
orbits and three-dimensional gravity follows from ingredients that have been known in
the literature for around thirty years [53, 61] and has been revived and expanded upon
recently for flat spacetimes [62], AdS3 [63] and dS3 [64], see also [65–68]. Originally, it was
noted in [60] that the AS action can be obtained as a Drinfeld-Sokolov reduction of the
̂sl(2,R) WZW model, which is the CFT counterpart of choosing Brown-Henneaux bound-
ary conditions. Another way to view this is that asymptotically locally AdS3 spacetimes
are Ban˜ados geometries [69] parametrized by two functions that are the dual stress-tensor
expectation values semi-classically. Since the stress-tensor transforms in the coadjoint
representation of the Virasoro group [61], the Ban˜ados geometries are intrinsically related
to the coadjoint orbits of the Virasoro group [57, 70–72] and the orbit representative b0
corresponds to the global charges of the bulk Ban˜ados geometry.
The Alekseev-Shatashvili geometric action on the coadjoint orbits of the Virasoro group
captures all Virasoro descendants of a given bulk Ban˜ados geometry with global charges
given by the orbit representatives. The action is one-loop exact [63], which can be shown
by suitable adaptation of the Duistermaat-Heckman theorem [73] (see also [74]). A given
generic Virasoro orbit can be related by a field redefinition to the b0 = 0 orbit [62]. This
is in essence the uniformizing transformation that proved useful in computing Virasoro
blocks in the heavy-light limit from AdS3 geometry [75]. It is also possible to compute the
identity Virasoro blocks directly using the AS action, as was demonstrated in [63]. Hence
this is a useful framework for AdS3 holography, which is in our opinion still underexplored.
In this paper, we make progress on a similar framework for flat space holography in
2+1 dimensions by utilizing the geometric action on the coadjoint orbit of the BMS3
group [62,76]. We first show explicitly in section 3 how an effective action of pure three-
dimensional flat space gravity is obtained by reducing the classical gravity action with
Barnich-Compe`re boundary conditions [40] to a two-dimensional boundary theory. This
was done first in [58] where a flat space version of Liouville theory was found [18] for the
case of vanishing bulk holonomies. Here we repeat this analysis for generic holonomy of
the CS connection and obtain
ICS = − k
2pi
∫
du dϕ
[ (
L0 +M0∂fα(f)− ∂3fα(f)
)
f˙f ′ − 1
2
(
M0f
′2 − 2{f, ϕ}) ]. (1.1)
Here M0 and L0 are proportional to the mass and angular momentum of the gravitational
saddle and f and α are fields which generate BMS3 superrotations and supertranslations,
respectively. The boundary theory coincides with the geometric action on the coadjoint
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orbit of the BMS3 group of [62], where the orbit representatives are given by M0 and
L0 and the BMS3 central charges are c1 = 0 and c2 = 3/GN . This provides a map
between the bulk gravitational solutions and the coadjoint orbit of the BMS3 group [76]
with constant representatives. The global Minkowski vacuum corresponds to the first
exceptional BMS3 orbit, with ISL(2,R) stabilizer subgroup. The flat space cosmology
solutions [77, 78] correspond to generic (massive) orbits with representatives (j0, p0) > 0
and the smaller, two dimensional Abelian stabilizer subgroup.
We then compute the one-loop torus partition function of BMS3 descendants around
vacuum Minkowski spacetime and flat space cosmologies in section 4. We find that these
are given by the vacuum character and the massive characters of the BMS3 group [79–81],
respectively. This gives a map between the BMS3 weights (ξ and ∆) and the orbit
representatives that can in term be expressed as the mass and angular momentum of the
flat space cosmology. For the global Minkowski spacetime our results match with the
partition function computed in [25] by heat kernel methods only if no regularization is
performed. Using the zeta function regularization applied for the AdS3 case in [63], we
find agreement with the highest-weight characters of [81] and a quantum shift of c1, while
c2 ∼ 1/GN does not receive any corrections.
In section 5 we construct the following bilinear operator in the geometric theory
B∆,ξ(ϕ1, u1;ϕ2, u2) = e
ξ
(
−2W12
X12
+
W ′1
X′1
+
W ′2
X′2
)(
X ′1X
′
2
(X21)2
)∆
, (1.2)
by reducing to the boundary theory a Wilson line with end-point attached at the bound-
ary points (ϕ1, u1) and (ϕ2, u2). This expression is valid for superrotations X and su-
pertranslations W around the null orbifold with vanishing mass and angular momentum
(or equivalently: vanishing orbit representatives). To obtain this operator on the generic
orbit of BMS3 with non-zero L0 and M0, one can use the map
X(ϕ, u) = e−
√
M0f(ϕ,u) , (1.3a)
W (ϕ, u) = −
√
M0e
−√M0f(ϕ,u)
(
α(f(ϕ, u), u) +
L0
M0
f(ϕ, u)
)
, (1.3b)
where f and α are the superrotations and supertranslation fields with action (1.1). For
the saddle point values f = ϕ and α = u this is the BMS3 analogue of the uniformizing
transformations used in two dimensional CFTs.
The expectation value of the bilocal operator (1.2) corresponds to the two-point func-
tion of probe operators in a background set by the respective orbit representative. This
construction allows us to generalize the results for holographic entanglement entropy to
any asymptotically flat geometry of [41] by using the uniformizing BMS3 transformation
(1.3) and computing the expectation value on the relevant orbit. Using this setup we
find that the leading order in small Newtons constant GN reproduces known results for
entanglement entropy and we extend the analysis by computing the subleading correc-
tions in GN . We find once again that the subleading corrections lead to a non-zero c1
of order unity, while GN is not renormalized. We furthermore show that entanglement
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entropy is one-loop exact and does not receive any further perturbative corrections within
the present setup. These results are particularly useful for the recently discussed novel
quantum energy conditions in flat spacetimes [82].
Next we proceed to compute the building blocks for any BMS3 invariant quantum field
theory – the BMS3 blocks [83, 84] – in section 6. The BMS3 identity block in the light-
light limit (with external weights ξ,∆ ∼ O(1)) is computed by evaluating the two-point
correlator of bilocal operators on the vacuum Minkowski orbit. We perform this compu-
tation to first order in perturbation theory in 1/c2 and compare the results with a direct
way of computing the BMS3 blocks using highest-weight representations in appendix A.
Furthermore, we show that in the limit of large central charge c2 with
∆ξ
c2
and ξ
2
c2
fixed,
the vacuum block exponentiates as
F1 = exp
[
2
c2
(
(∆1ξ2 + ∆2ξ1 − c1
c2
ξ1ξ2)F(x) + t ξ1ξ2∂xF(x)
)]
+ . . . , (1.4)
where F(x) = x2 2F1(2, 2; 4, x), with 2F1(a, b; c, z) the ordinary hypergeometric function
and the dots denote terms subleading in 1/
√
c2.
To compute the identity block in the heavy-light limit we compute the two-point function
of a light probe bilocal in a flat space cosmological background, corresponding to the
massive orbit of BMS3. The leading order result can equivalently be obtained from the
plane by the uniformizing BMS3 transformation (1.3). We additionally compute the one-
loop corrections to the heavy-light BMS3 identity block, which we use to compute the
subleading corrections to the entanglement entropy in BMS3 invariant QFTs dual to flat
space cosmological backgrounds. Concluding remarks can be found in section 7.
2 Flat space gravity and BMS3 orbits
General relativity in three spacetime dimensions with vanishing cosmological constant can
equivalently be formulated as an ISL(2,R) Chern-Simons theory [50]. In the next section
we work out the Hamiltonian reduction of the Chern-Simons action to a boundary theory,
similar in spirit to [25, 52]. First, we state our conventions and review some relevant
statements about the three-dimensional Chern-Simons formulation of gravity and the
coadjoint orbits of the BMS3 group.
2.1 Setting the scene
For the purposes of this work it is convenient to use the isomorphism of the 3D Poincare´
algebra with isl(2,R) and work with those variables. We work in a basis where the isl(2,R)
algebra is given by
[Lm, Ln] = (m− n)Lm+n , (2.1a)
[Lm, Mn] = (m− n)Mm+n , (2.1b)
[Mm, Mn] = 0 , (2.1c)
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for m,n = −1, 0, 1. A convenient representation of isl(2,R) is given in terms of Grassmann
valued matrices with a Grassmann odd parameter  [85]
L−1 =
(
0 −1
0 0
)
, L0 =
1
2
(
1 0
0 −1
)
, L1 =
(
0 0
1 0
)
, Mn =  Ln . (2.2)
The non-degenerate bilinear form on this algebra is 〈LmMn〉 = −2γmn, with γmn given by
γmn =

M1 M0 M−1
L1 0 0 1
L0 0 −12 0
L−1 1 0 0
 . (2.3)
In terms of the Grassmann valued representation this bilinear form is simply
〈LmMn〉 ≡ 2∂Tr(LmMn). (2.4)
The BMS3 boundary conditions have been discussed at length in the literature, (see for
instance [41, 43, 58, 86, 87]). Asymptotically Minkowski metrics in three dimensions can
be written as
ds2 = M(u, ϕ) du2 − 2 dr du+ 2N(u, ϕ) du dϕ+ r2 dϕ2, (2.5)
where r →∞ is the boundary at null infinity I +. The spectrum of zero mode solutions
(with constantM = M0 andN = N0) contains Minkowski spacetime forM0 = −1,N0 = 0;
angular deficit solutions for −1 <M0 < 1 and the null orbifold at M0 = 0 = N0.
Cosmological solutions are obtained by taking M0 > 0 and they can be parameterized as
M0 = r
2
+ , N0 = r0 r+ . (2.6)
The coordinate transformations
u = t+
r − r0Tanh−1(r0/r)
r2+
, ϕ = θ +
Tanh−1(r/r0)
r+
, (2.7)
then make it more apparent that (2.5) is, indeed, a flat space cosmology [19,77]
ds2 = r2+ dt
2 − r
2 dr2
r2+(r
2 − r20)
+ r2 dθ2 − 2r+r0 dt dθ . (2.8)
The Einstein-Hilbert action can be represented in a first-order formulation by changing
variables from the metric to a dreibein e = eµ dx
µ and an independent (dualized) spin-
connection ω = ωµ dx
µ. Linearly combining e and ω into a isl(2,R) gauge connection
A = emMm + ω
mLm , (2.9)
one finds that the Chern-Simons action, defined on some manifold M
ICS =
k
4pi
∫
M
〈A ∧ dA+ 2
3
A ∧A ∧A〉 , (2.10)
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is equivalent (up to boundary terms) to the Einstein-Hilbert-Palatini action with vanishing
cosmological constant in three dimensions when k = 1/4GN , where GN denotes Newton’s
constant. The metric is recovered from gµν = −2γmnemµ enν .
Since Einstein gravity in three dimensions is a purely topological theory it is imperative to
introduce suitable boundary conditions in order to obtain interesting physics. A particular
popular choice in terms of the Chern-Simons gauge field A is given by first introducing
coordinates (r, u, ϕ) where 0 ≤ r < ∞, −∞ < u < ∞ and ϕ ∼ ϕ + 2pi as well as fixing
Ar = b
−1∂rb and taking the ϕ component of the Chern-Simons connection to be
Aϕ = b
−1(L1 − M
4
L−1 − N
2
M−1)b , b = e
r
2
M−1 . (2.11)
The u-component of the Chern-Simons connection is a Lagrange multiplier that can be
taken to be proportional to an infinitesimal gauge transformation that preserves the form
of Aϕ. These are the gauge transformations satisfying δAϕ = Λ
′ + [Aϕ,Λ] and are given
in terms of two arbitrary functions of (u, ϕ) that we denote L and M
Λ[L, M ] = MM1 − ′MM0 −
1
4
(2LN + MM− 2′′M) M−1 (2.12)
+ LL1 − ′LL0 −
1
4
(LM− 2′′L) L−1 .
Under these transformations the state dependent functions M and L transform as
δM = LM
′ + 2′LM− 2′′′L , (2.13a)
δN =
1
2
MM
′ + ′MM+ LN
′ + 2′LN − ′′′M , (2.13b)
where a prime denotes a derivative with respect to ϕ. The relations (2.13) describe
precisely the coadjoint action of the bms3 algebra [76]. The u-component of the connection
can now be obtained as a gauge transformation compatible with (2.12), where we replace
the gauge parameters L,M by the ‘chemical potentials’ µL,M :
Au = b
−1Λ[µL, µM ]b . (2.14)
Taking µM = 1 and µL = 0 is equivalent to the metric (2.5) in the second order formula-
tion. For these values of the chemical potentials the state dependent functions M and N
satisfy
∂uM = 0 , ∂uN =
1
2
∂ϕM , (2.15)
as a consequence of the Chern-Simons field equations F = dA+A ∧A = 0. This allows
one to parametrize the solutions by two functions on the boundary circle M = M(ϕ) and
N(u, ϕ) = L(ϕ) +
u
2
∂ϕM(ϕ). (2.16)
Using these functions the asymptotic charges generating the bms3 transformations are
given by
Q[L] =
k
2pi
∮
dϕ LL , Q[M ] =
k
4pi
∮
dϕ MM . (2.17)
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The Fourier modes of the charges Mn = Q[M = e
imϕ] and Ln = Q[L = e
imϕ] span the
bms3 algebra by their Dirac brackets. After promoting the modes to operators via the
commutators the resulting bms3 algebra reads
[Ln, Lm] = (n−m)Lm+n + c1
12
n3δm+n,0 , (2.18a)
[Ln, Mm] = (n−m)Mm+n + c2
12
n3δm+n,0 , (2.18b)
[Mn, Mm] = 0 , (2.18c)
with the central charges c1 = 0 and c2 = 12k =
3
GN
. In order to obtain the more standard
normalization of n(n2− 1) for the central charge terms in the algebra, one would have to
shift the zero mode of M0 by c2/24, which is equivalent to shifting M by 1. We prefer
to keep working with the current normalization and hence have the Minkowski vacuum
correspond to M = −1 (and L = 0).
2.2 Coadjoint orbits of the BMS3 group
The previous considerations show that the reduced phase space of three-dimensional
asymptotically flat gravity at null infinity is parametrized by two functions M and L
that transform in the coadjoint representation of BMS3. Here we collect some relevant
statements about the BMS3 group, its coadjoint orbits and the relation to gravitational
solutions. For more details we refer to [33,62,76] and references therein.
2.2.1 Coadjoint action
The centrally extended BMS3 group is the semi-direct product of the (universal cover of
the) Virasoro group D̂iff(S1) and its algebra (seen as an Abelian vector space) under the
adjoint action, or:
BMS3 = D̂iff(S
1)nAd Vec(S1)ab . (2.19)
Its elements are denoted by (f, λ;α, µ), where f is a diffeomorphism of the circle, satisfying
f(ϕ+ 2pi) = f(ϕ) + 2pi , f ′(ϕ) > 0 , (2.20)
and the constant λ denotes the central extension of Diff(S1). The function f parametrizes
a superrotation, while α corresponds to a supertranslation and µ is its corresponding
central extension. The supertranslations are periodic functions on the circle
α(ϕ+ 2pi) = α(ϕ) . (2.21)
The space of coadjoint vectors of BMS3 is the dual space to the bms3 algebra and its
elements are denoted by (j, c1; p, c2) where j = j(ϕ) dϕ
2 and p = p(ϕ) dϕ2 are quadratic
densities on the circle. These densities are dual to infinitesimal superrotations and su-
pertranslations and are sometimes referred to as angular supermomentum and supermo-
mentum, respectively. The constants c1 and c2 are the two bms3 central charges.
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Elements of the bms3 algebra are denoted by (X, a;α, b) and they are paired with elements
(j, c1; p, c2) via
〈(j, c1; p, c2), (X, a;α, b)〉 = 1
2pi
∫ 2pi
0
dϕ [j(ϕ)X(ϕ) + p(ϕ)α(ϕ)] + c1a+ c2b . (2.22)
The coadjoint action for semi-direct product groups H = GnAd gab with elements (g, α)
on its dual space with elements (j, p) can be derived in terms of the coadjoint action of
G with elements g as
Ad∗(g,α)−1(j, p) =
(
Ad∗g−1j − Ad∗g−1ad∗αp,Ad∗g−1p
)
, (2.23)
where ad∗α is the coadjoint action of the algebra g of G. See [76] for more details on the
general construction. In our case, it implies that the coadjoint action of BMS3 on the
dual space elements can be derived from the coadjoint action of the Virasoro group, with
elements (f, λ) on the elements of its dual space (b, c):
Ad∗(f,λ)−1(b, c) =
(
b(f)f ′(ϕ)2 − c
24pi
{f, ϕ} , c
)
. (2.24)
Here {f, ϕ} is the Schwarzian derivative
{f, ϕ} = f
′′′(ϕ)
f ′(ϕ)
− 3
2
(
f ′′(ϕ)
f ′(ϕ)
)2
. (2.25)
Following the general construction for semi-direct product groups of [76] this implies that
the coadjoint action of BMS3 is
Ad∗(f,α)−1(j, c1; p, c2) = (j˜ dϕ
2, c1; p˜ dϕ
2, c2) , (2.26)
where
p˜ = f ′(ϕ)2p(f)− c2
24pi
{f, ϕ} , (2.27a)
j˜ = f ′(ϕ)2
(
∂fp(f)α(f) + 2∂fα(f)p(f)− c2
24pi
∂3fα(f)
)
(2.27b)
+ f ′(ϕ)2j(f)− c1
24pi
{f, ϕ}.
The coadjoint action of the bms3 algebra is obtained as the infinitesimal version of the
above, expanding f(ϕ) = ϕ+ L(ϕ) and α = M(ϕ) one obtains
ad∗(L;M )(j, c1; p, c2) = (δj dϕ
2, 0; δp dϕ2, 0), (2.28)
with
δp = Lp
′ + 2′Lp−
c2
24pi
′′′L , (2.29a)
δj = Mp
′ + 2′Mp−
c2
24pi
′′′M + Lj
′ + 2′Lj −
c1
24pi
′′′L . (2.29b)
This exactly corresponds to the transformation laws (2.13) upon the identifications
c1 = 0 , c2 = 12k =
3
GN
, j =
k
2pi
L , p =
k
4pi
M . (2.30)
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2.2.2 Coadjoint orbits
Just as the coadjoint action of BMS3 is derived from the coadjoint action of the Virasoro
group, so are the coadjoint orbits of BMS3 classified in terms of Virasoro coadjoint orbits
(and coadjoint orbits of the little groups Gp of elements p ∈ g∗ab). To be more precise,
following [76], each coadjoint orbit W(j,p) of a semi-direct product group H = GnAd gab
is a fibre bundle over the orbits Op for p ∈ g∗ab under the coadjoint action of G. The fibre
above q ∈ Op is a product of the cotangent bundle T ∗q Op with the coadjoint orbit of the
corresponding little group Gp. To classify the coadjoint orbits of H it is sufficient to know
the set of all orbits Op and all coadjoint orbits of the corresponding little groups.
A systematic approach to classify the coadjoint orbits of BMS3 is to
1. Pick an element p ∈ Vec(S1)∗ab and compute its orbit under the coadjoint action of
D̂iff(S1).
2. Find the corresponding little group Gp or, the stabilizer subgroup on the coadjoint
orbit Op.
3. Pick an element jp ∈ vir∗ and compute its coadjoint orbit under the action of Gp.
The first two steps are equivalent to the classification of coadjoint orbits of the Virasoro
group [61]. There are two types of Virasoro coadjoint orbits with constant representatives
and non-vanishing central charge (to which we will restrict ourselves)
• The exceptional orbits O(pn,c2) of the Virasoro group have representative p = pn =
− c2
48pi
n2 for positive integer n. For these orbits the little group is the n-fold cover of
PSL(2,R), hence these orbits are manifolds D̂iff(S1)/PSL(n)(2,R).
• The generic orbit O(p0,c2) have representatives p = p0 6= − c248pin2. The little
group in this case is a one-dimensional Abelian group and the orbits are manifolds
D̂iff(S1)/S1.
In the latter case, the coadjoint representation of the little group is trivial and hence the
generic BMS3 orbit W(j0,c1;p0,c2) is diffeomorphic to the cotangent bundle T
∗O(p0,c2). The
exceptional orbits of BMS3, W(jpn ,c1;pn,c2) are fibre bundles over T
∗O(pn,c2), with coadjoint
orbits of PSL(n)(2,R) as its fibres.
For the sake of this work we will restrict to orbits on which the energy is bounded from be-
low. For this we first need an appropriate measure of energy. Asymptotically, time trans-
lations are generated by Chern-Simons gauge transformations with L = 0 and M = 1
and hence energy can be defined as a Chern-Simons charge (2.17) with those values, or
E =
k
4pi
∮
dϕM(ϕ) =
∮
dϕ p(ϕ) . (2.31)
Because p(ϕ) transforms as a coadjoint vector of the Virasoro group, the energy E satisfies
the same bounds as the energy on the Virasoro coadjoint orbits [76]. This was analyzed
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in [61] and the result is that the energy is bounded for orbits with constant representative
p0 ≥ − c248pi . This implies that all the flat space cosmologies (with p0 > 0) and all conical
deficit solutions (− c2
48pi
< p0 < 0) have energy bounded from below. We will refer to the
orbits W(j0,0;p0,c2) corresponding to these solutions as the massive BMS3 orbits. Further-
more, the Minkowski vacuum (with j = 0 and p = − c2
48pi
) also has its energy bounded from
below and it does so for the lowest value of the energy E = − c2
24
. The corresponding orbit
is the first exceptional orbit of BMS3 W(0,0;p1,c2), to which we will refer as the vacuum
orbit of BMS3.
2.2.3 Geometric action
The coadjoint orbit Op of any group G is a homogeneous symplectic space G/Gp, where
Gp is the little group at p. To each of these orbits one can associate a geometric action
which admits G as global symmetry and Gp as gauge symmetry. The kinetic term of this
action is fixed by the Kirillov-Konstant symplectic form [88], which is the pullback to
the coadjoint orbit of the pre-symplectic form on G. Reviews on the construction of the
Kirillov-Konstant symplectic form and the associated geometric action are aplenty in the
literature (see for instance [60,63,89–91]). It will suffice here to say that the construction
was generalized to infinite dimensional semi-direct product groups with central extensions
in [62]. The result for the BMS3 group is the action with kinetic term
IBMS3 [f, α, j0, p0, c1, c2] =−
∫
du dϕ
[
j0(f)f˙f
′ +
c1
48pi
f˙ ′′
f ′
(2.32)
+ f˙f ′
(
∂fp0(f)α(f) + 2p0(f)∂fα(f)− c2
24pi
∂3fα(f)
)]
.
Where primes denote ϕ derivatives, dots denotes u derivatives and u parametrizes a path
along the orbit. Here there is no restriction on the orbit representatives j0 and p0, they
need not be constant, although the action simplifies if they are.
Another accomplishment of the work [62] was to show how the geometric action on the
coadjoint orbits of any gauge group can be deformed by adding Hamiltonians that pre-
serve the global symmetries of the theory. One can add to the kinetic term (2.32) as
Hamiltonian the Noether charge Q(L,M ) of a global symmetry (generated by bms3 vector
fields (L(ϕ), M(ϕ))) and the resulting action will by construction preserve the global
symmetries of (2.32). In the case at hand, global symmetries act as
δ(L,M )(f, α(f)) = (L(ϕ)∂ϕf, M(ϕ)∂ϕf) , (2.33)
leading to the Noether charges:
Q(L,M ) =
∮
dϕ
[
M
(
f ′2p0(f)− c2
24pi
{f, ϕ}
)
(2.34)
+ L
(
f ′2
(
j0(f) + ∂fp0(f)α(f) + 2p0(f)∂fα(f)− c2
24pi
∂3fα(f)
)
− c1
24pi
{f, ϕ}
)]
.
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For constant (L, M), the action (2.32) including the Hamiltonian
∫
H du =
∫
Q(L,M ) du
is invariant under global symmetries modified by δ(X,v)(f, α(f)) = (X(ϕ, u)∂ϕf, v(ϕ, u)∂ϕf)
with
X = X0(ϕ+ Lu) , v = v0(ϕ+ Lu) + uM∂ϕX0 . (2.35)
The gauge symmetry of the action is related to the stabilizer subgroup on the orbit. For
constant representatives, the stabilizer subalgebra is generated by bms3 vectors (L, M)
satisfying
′′′L − P0′L = 0 , (2.36a)
′′′M − P0′M = J0′L −
c1
c2
′′′L , (2.36b)
where we have defined P0 =
48pi
c2
p0 and J0 =
48pi
c2
j0. The generic solution to these equations
is given by
L = `0 + `+e
√
P0ϕ + `−e−
√
P0ϕ , (2.37a)
M = m0 +
(
m+ + `+
c1P0 − c2J0
2c2
√
P0
ϕ
)
e
√
P0ϕ +
(
m− − `− c1P0 − c2J0
2c2
√
P0
ϕ
)
e−
√
P0ϕ , (2.37b)
where `0,± and m0,± may be arbitrary functions of u. It’s easy to see that these solutions
are only periodic in ϕ for P0 = −n2 and J0 = − c1c2n2 with n ∈ Z, or whenever
p0 = − c2
48pi
n2 , j0 = − c1
48pi
n2 . (2.38)
For these values, the bms3 vectors span an n-fold cover of isl(2,R). Hence, the exceptional
orbitsW(jpn ,c1;pn,c2) have stabilizer subgroup ISL
(n)(2,R). For the generic orbits, one would
have to set `± = 0 = m± and the gauge symmetry on these orbits consists solely of shifts
by an arbitrary function of u, with Abelian algebra.
3 Reduction of the action
In this section we perform the Hamiltonian reduction of the Chern-Simons action for three-
dimensional flat Einstein gravity. By imposing the BMS3 boundary conditions of [40]
the bulk Chern-Simons theory reduces to a two-dimensional boundary theory. Allowing
for non-trivial bulk holonomies the boundary theory is shown to be equivalent to the
geometric action on the coadjoint orbit of the BMS3 group that has been discussed in
the last section, with the orbit representatives proportional to the bulk holonomies. We
comment on the boundary Hamiltonian and the classical saddle points.
3.1 Chern-Simons to Wess-Zumino-Witten
The first step in the reduction is to write the Chern-Simons action as a chiral WZW
model [51]. This part is generic for all Chern-Simons theories on manifolds with the
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topology of filled cylinder and has already appeared in various places in the literature
(see [92] for a review and references). We follow here the presentation of [59], but this
step in the reduction has first appeared for gravity with asymptotically flat spacetimes
in [58].
The starting point of the reduction is the Hamiltonian form of the Chern-Simons action
(2.10) for ISL(2,R) on a manifold M with the topology of a filled cylinder and equipped
with coordinates u, r, ϕ, supplemented by a boundary term Ibdy
Ics[A] =
k
4pi
∫
M
du dr dϕ 〈ArA˙ϕ −AϕA˙r + 2AuFϕr〉+ Ibdy . (3.1)
The boundary term Ibdy should be fixed such that the variational principle is well-defined,
i.e., the variation of the action should vanish exactly on-shell:
δIcs[A]
∣∣
EOM
= δIbdy − k
2pi
∫
∂M
du dϕ 〈AuδAϕ〉 = 0 . (3.2)
We are going to fix Ibdy in the next section, which will give the boundary Hamiltonian.
For now, we focus on the symplectic terms in (3.1).
The u-component of the Chern-Simons connection imposes the constraint Fϕr = 0, which
is solved locally by
Ai = G
−1∂iG, i = ϕ, r, G ∈ ISL(2,R) . (3.3)
In a gauge where A′r = 0 (prime denotes ∂ϕ) the group element G can be factorized as
G(u, ϕ, r) = g(u, ϕ) b(u, r), (3.4)
implying
Aϕ = b
−1aϕb = b−1g−1g′b, Ar = b−1∂rb . (3.5)
In the present work we always assume u-independence of b at the boundary, b˙|∂M = 0.
For smooth and non-singular Chern-Simons connections on the disk D the Wilson loop
around the ϕ-cycle is contractible and hence the holonomy is trivial. However, the solu-
tions of interest here are strictly speaking not all non-singular everywhere (such as the
conical defect solutions) and neither do they have the topology of a filled cylinder; there
are two asymptotic regions, I + and I − and both are null cylinders. We should hence ac-
tually allow defects or other boundaries in the interior of the disk. In the case of multiple
boundaries, there are independent actions at each boundary and the bulk holonomy need
not vanish, but will couple the two boundaries non-locally.1 We prefer to keep working
with one asymptotic region here, but we do not simply want to ignore the possibility to
have non-trivial global charges. One effective way of doing so is to consider the dynamics
on the outer boundary only, but to keep the holonomies along the ϕ-cycle non-trivial to
account for whatever has been ignored in the inside. This effectively replaces the annulus
1We are also ignoring possible matching conditions to be imposed at I −+ and I
+
− .
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by a punctured disk and we do not impose boundary conditions or consider dynamics
at the puncture. It is merely there to prevent loops around the ϕ-cycle to contract to
a point. In principle, a complete analysis should take into account the inner boundary
with its own boundary conditions, a dynamical holonomy and matching conditions at the
corners. This is, however, not necessary for our purposes and hence beyond the scope of
this work. For a recent treatment of this in the AdS3 case, see [56].
There are two ways to treat non-trivial holonomies. One may write the gauge connection
as sum of a periodic group element g plus a term representing the holonomy. Alternatively,
the holonomies can be encoded in the periodicity properties of the group element g. We
follow the latter approach and write
aϕ = g
−1g′, g(u, ϕ+ 2pi) = hg(u, ϕ), (3.6)
where h ∈ ISL(2,R) such that 〈h〉 = Hϕ, where the bracket was given in (2.4) and
Hϕ = 〈Pe
∮
Aϕ〉 denotes the holonomy around the ϕ-cycle. We assume in this work that h
is u-independent.2
After choosing the above gauge we can write the Chern-Simons action on the punctured
disk times R as
ICS[G] = − k
4pi
∫
∂M
du dϕ 〈∂ϕgg−1∂ugg−1〉 − IWZ[G] + Ibdy, (3.7)
where
IWZ[G] =
k
12pi
∫
M
〈G−1 dG ∧G−1 dG ∧G−1 dG〉 . (3.8)
This is the WZW model for affine îsl(2,R).
3.2 WZW to the geometric action of BMS3
We now decompose the group elements G(u, ϕ, r) into different ISL(2,R) components by
writing
G(u, ϕ, r) = eXL+eWM+eΦL0eζM0eY L−eV M− , (3.9)
where X,Φ, Y,W, ζ, V are functions of u, ϕ, r and their pull-back to the boundary depends
only on (u, ϕ). Using this decomposition, the first term in (3.7) becomes
k
2pi
∫
du dϕ
[
eΦ
(
V˙ X ′ + X˙V ′ + Y˙ W ′ + W˙Y ′ + ζ
(
X˙Y ′ + Y˙ X ′
))
− 1
2
(
Φ˙ζ ′ + ζ˙Φ′
)]
.
(3.10)
The Wess-Zumino term (3.8) can be conveniently written as a total derivative
IWZ[G] = − k
2pi
∫
M
d3xµνρ∂µ
[
eΦ (∂νY ∂ρW + ∂νV ∂ρX + ζ∂νY ∂ρX)
]
. (3.11)
2Dropping this assumption would be required only in the presence of (matter) sources that can change
the holonomy in a time-dependent way and would imply additional boundary terms in the WZW action
(3.7) [59].
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This brings the total action (3.7) to the form:
ICS[G] =
k
2pi
∫
du dϕ
[
2eΦ
(
Y˙ W ′ +X ′
(
V˙ + ζY˙
))
− 1
2
(
Φ˙ζ ′ + ζ˙Φ′
)]
+ Ibdy . (3.12)
Due to (3.6) the fields appearing here are not periodic in ϕ, so in principle one should
take total derivatives in ϕ into account. However, these terms do not contribute here or
below due to our assumption that h is u independent.
The conditions (2.11) impose constraints on the set of 6 fields. They are:
eΦX ′ = 1 , Y = −Φ
′
2
, eΦW ′ = −ζ, V = −ζ
′
2
. (3.13)
In addition, they define M and N in terms of the fields X,W as:
M = 4(Y 2 − Y ′) = −2{X,ϕ}, (3.14a)
N = −X ′∂ϕ
(
1
X ′
∂ϕ
(
1
X ′
∂ϕW
))
≡ −(X ′)2∂3XW . (3.14b)
Here {X,ϕ} is again the Schwarzian derivative (2.25). Implementing these constraints in
the action (3.12) gives
ICS[W,X] =
k
2pi
∫
du dϕ X˙X ′∂3XW + Ibdy . (3.15)
This action is the geometric action on the BMS3 coadjoint orbits (2.32) with vanishing
orbit representatives. If the bulk Chern-Simons theory would have trivial holonomy then
the fields W and X are periodic. In that case the bulk corresponds to the null orbifold
and the action (3.15) is boundary action describing BMS3 transformations of the null
orbifold.
Note that this action is equivalent to the BMS3 Liouville theory of [18, 58] upon using
the constraints (3.13) to write the action in terms of Φ and ζ. Including the boundary
Hamiltonian, this action is
I[Φ, ζ] =
k
2pi
∫
du dϕ
(
Φ′2 − ζ˙Φ′
)
, (3.16)
up to total derivatives.
In order to understand how the orbit representative enters the action we need to study
the periodicity properties of the fields that are inherited from the holonomy of the bulk
Chern-Simons connection Aϕ. The holonomy is given by the path-ordered exponential of
the Chern-Simons connection integrated over a closed ϕ loop. In general the path ordered
exponential is quite difficult to compute for arbitrary M(u, ϕ) and N(u, ϕ) and we will
therefore take the following point of view. We compute the holonomy for the classical
saddle points of interest, with constant M = M0 and N = L0. The reduction procedure
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will then lead to effective action of gauge transformations around these classical saddles,
consistent with the BMS3 boundary conditions (2.11).
For constant M = M0 and N = L0, the holonomy is
Hϕ = 〈Pe
∮
Aϕ〉 = 4piL0 sinh(pi
√
M0)√
M0
, (3.17)
We can parametrize the holonomy by including a non-standard periodicity in the group
elements g in the reduction. We take
g(ϕ+ 2pi) = hg(ϕ) , with: h = e2pi
√
M0L0e
2piL0√
M0
M0
. (3.18)
This implies the above fields have the following ϕ-periodicities
X(ϕ+ 2pi) = e−2pi
√
M0X(ϕ), Φ(ϕ+ 2pi) = Φ(ϕ) + 2pi
√
M0 , (3.19a)
W (ϕ+ 2pi) = e−2pi
√
M0
(
W (ϕ)− 2piL0X(ϕ)√
M0
)
, ζ(ϕ+ 2pi) = ζ(ϕ) +
2piL0√
M0
, (3.19b)
and
Y (ϕ+ 2pi) = Y (ϕ), V (ϕ+ 2pi) = V (ϕ). (3.20)
To connect with the geometric action (2.32), we need a field redefinition describing the
action in terms of fields f(ϕ, u) and α(f, u) with the periodicities
f(ϕ+ 2pi, u) = f(ϕ, u) + 2pi , α(f + 2pi, u) = α(f, u). (3.21)
A field redefinition that achieves precisely this is
X(ϕ, u) = e−
√
M0f(ϕ,u) , (3.22a)
W (ϕ, u) = −
√
M0e
−√M0f(ϕ,u)
(
α(f(ϕ, u), u) +
L0
M0
f(ϕ, u)
)
. (3.22b)
It is easy to check that this satisfies the periodicity conditions (3.19)-(3.20) by using the
constraints (3.13). In terms of the new variables (3.14) becomes:
M = M0f
′2 − 2{f, ϕ}, (3.23a)
N = f ′2
(
L0 +M0∂fα(f)− ∂3fα(f)
)
. (3.23b)
This is exactly the coadjoint action of BMS3 (2.27) generated by f and α, starting from
the orbits of constant representative. Plugging (3.22) into the action (3.15) we find
ICS[f, α,L0,M0] = − k
2pi
∫
du dϕ
(
L0 +M0∂fα(f)− ∂3fα(f)
)
f˙f ′. (3.24)
Comparing this to the geometric action on the BMS3 coadjoint orbit (2.32). We find that
it matches for constant j0 and p0 when
j0 =
k
2pi
L0 , p0 =
k
4pi
M0 , c1 = 0 , c2 = 12k =
3
GN
. (3.25)
This agrees with the values obtained before in (2.30).
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3.3 Hamiltonian and classical saddles
The Hamiltonian of the boundary theory comes from the boundary term added to the
Chern-Simons action in order to ensure a well-defined variational principle. The variation
of this term is
δIbdy =
k
2pi
∫
du dϕ〈AuδAϕ〉 . (3.26)
Using that Au is given by (2.14) we obtain that the boundary term is
Ibdy =
k
4pi
∫
du dϕ (2µLN + µMM) . (3.27)
Using (3.23) gives a boundary Hamiltonian for constant µL and µM
Ibdy =
k
2pi
∫
du dϕ
[
µL
(
L0 +M0∂fα(f)− ∂3fα(f)
)
f ′2 (3.28)
+
1
2
µM
(
M0f
′2 − 2{f, ϕ}) ] .
This exactly corresponds to the Hamiltonian added in section 2.2.3 as the Noether charge
for global symmetries (2.34) upon making the identifications (3.25).
When µM = 1 and µL = 0 this is the Hamiltonian suggested in [62] to be relevant for
three-dimensional gravity in asymptotically flat spacetimes. We continue with this choice
of chemical potentials. The final action is then
ICS[f, α,L0,M0] = − k
2pi
∫
du dϕ
[ (
L0 +M0∂fα(f)− ∂3fα(f)
)
f˙f ′ (3.29)
− 1
2
(
M0f
′2 − 2{f, ϕ}) ].
To verify whether or not the reduction has been consistent3, we see if the final action (3.29)
has the same equations of motion as the original Chern-Simons theory. The equation
obtained by varying with respect to α(f) is
1
f ′
∂u
(
{f, ϕ} − 1
2
M0f
′2
)
= 0 . (3.30)
Varying the action with respect to f gives
1
f ′
∂uf
′2 (L0 +M0∂fα(f)− ∂3fα(f)) = 1f ′∂ϕ
(
1
2
M0f
′2 − {f, ϕ}
)
. (3.31)
Fortunately, using (3.23), we find that for f ′ 6= 0 these equations are equivalent to the
original field equations (2.15).
3Inconsistencies in the reduction can arise where the reduced action has equations of motion differing
from original field equations with the constraints implemented. This is the case in the reduction to
Liouville theory and can be remedied by changing from Dirichlet to Neumann boundary conditions of
the reduced variables [52].
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Equation (3.31) can be solved by taking
α(f, u) = g(f, u) + uf ′ , (3.32)
where g(f, u) is a solution to the homogeneous equation
1
f ′
∂u
(
f ′2
(
L0 +M0∂fg(f, u)− ∂3fg(f, u)
))
= 0 . (3.33)
Solutions corresponding to the gravitational saddle points of interest have constant M
and N with their values given by the zero-modes M0 and L0. For flat space cosmologies
we have M0 > 0 and L0 6= 0, leading to
f = ϕ , α(f, u) = u , (3.34)
as the unique saddle points respecting the periodicity conditions f(ϕ+2pi) = f(ϕ)+2pi and
modulo the gauge redundancy that we can use to shift f and α by arbitrary functions of
u. For the Minkowski ground state, where M0 = −1 and L0 = 0 and for the null orbifold
where M0 = 0 and L0 = 0 there are more solutions consistent with the periodicity
conditions, but also the gauge symmetry is enlarged to the global ISL(2,R). Modulo this
gauge redundancy the unique saddle is still given by (3.34).
What have we learned from all this?
In this section we have shown that the bulk Chern-Simons action for ISL(2,R) can be
reduced to a boundary action for fields generating BMS3 transformations around a given
classical saddle. This action coincides with the geometric action on the coadjoint orbits
of BMS3, where the orbit representatives are the charges of the saddles of interest. For
the null orbifold, with vanishing boundary charges, the action becomes (3.15) and we
have seen that the orbit representatives can be instated from this by the transformations
(3.22). This also implies that the inverse of these transformations can be used to map
the theory for arbitrary constant, but non-zero representatives to the null orbifold.
Now that we have found the effective action for BMS3 transformations around a given
background, we can use it to compute quantum (O(1/c2)) corrections to a given classical
quantity. In the remainder of the paper we will do so in several examples. First we show
how the geometric action on the coadjoint orbit of BMS3 can be used to compute the
one-loop contribution to the partition function of flat space gravity for both Minkowski
spacetime and flat space cosmologies. Then we discuss how to compute boundary cor-
relators from Wilson lines ending on the boundary and we will use them to compute
entanglement entropy and its leading order quantum correction. Finally, in section 6,
we show how the Wilson lines can be used to compute the BMS3 identity block and its
subleading terms, both for light operators and in the heavy-light limit.
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4 Flat space torus partition function
In this section we compute the flat space torus partition function from the geometric
action on the BMS3 coadjoint orbit. The approach taken here follows the one taken
in [63] for AdS3 gravity and extends their analysis to flat space. We will see that the
result matches BMS3 characters obtained in [79] (see also [80, 81]) both for the one-loop
contribution around the Minkoswki vacuum and for the flat space cosmologies.
The first thing to do is to analytically continue u→ −iy and periodically identify the new
Euclidean “time” coordinate. Here we can choose to include the chemical potentials µL
and µM into the periodicity and twist of the torus, or keep them explicitly in the action
and use canonical periodicities y ∼ y + 1, ϕ ∼ ϕ + 2pi on the contractible cycle. Here we
choose to set µL = 0 and µM = 1 and use fields with periodicity conditions
f(ϕ+ Ωβ, y + β) = f(ϕ, y) , α(f + Ωβ, y + β) = α(f, y) , (4.1a)
f(ϕ+ 2pi, y) = f(ϕ, y) + 2pi , α(f + 2pi, y) = α(f, y) . (4.1b)
The Euclidean action under consideration is then
IE = − k
2pi
∫
dy dϕ
[
i (L0 +M0α
′(f)− α′′′(f)) f ′∂yf + {f, ϕ} − M0
2
f ′2
]
. (4.2)
The real part of the Euclidean action is
∫
dyH with
H = − c2
24pi
∫
dϕ
[
{f, ϕ} − M0
2
f ′2
]
, (4.3)
which is bounded from below for c2 > 0,M0 ≥ −1 [61]. In this case this bound is saturated
by the Minkowski vacuum that has M0 = −1 and L0 = 0.
Due to the periodicity conditions on the thermal y-cycle, we have to use the gauge am-
biguity to make the y dependence of the saddles consistent with (4.1). The solution is to
take
f0 = ϕ− Ωy , α(f0) = 0 . (4.4)
The action on the saddle point is
I
(0)
E =
c2
24
β(M0 + 2iΩL0) . (4.5)
In the gravitational theory the parameters Ω, β are related to L0,M0 to ensure the reg-
ularity of the solution at the cosmological horizon [19]. In the Chern-Simons language
this means that the connection has trivial holonomy along the thermal cycle, which is the
contractible cycle of the torus. In our conventions this gives the conditions
exp
[
−i
∫ β
0
ay dy +
∫ βΩ
0
aϕ dϕ
]
= −1. (4.6)
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These conditions are solved by taking
Ω =
iM0
L0
, β =
2piL0
M
3/2
0
. (4.7)
This implies that the on-shell Euclidean action is
I
(0)
E = −
pir0
4GN
, (4.8)
which is consistent with the gravitational computation performed in [19].
Next we expand the fields f(ϕ, y) and α(f, y) around their saddle points. Note that we
allow α to depend on Euclidean time both implicitly through f(ϕ, y) and explicitly. We
write
f(ϕ, y) = f0 +
∑
m,n
m,n
(2pi)2
e−
2piimy
β e−inf0 , (4.9a)
α(f, y) =
∑
m,n
αm,n
(2pi)2
e−
2piimy
β e−inf , (4.9b)
=
∑
m,n
αm,n
(2pi)2
e−
2piimy
β e−inf0
(
1− in
∑
m′,n′
m′,n′
(2pi)2
e−
2piim′y
β e−in
′f0 + O(2)
)
.
The action then becomes
IE = I
(0)
E −
ik
(2pi)3
∞∑
m=−∞
∑
n
{(
L0n(m− θn) + iβ
4pi
(n4 +M0n
2)
)
|m,n|2 (4.10)
+ (m− θn)(n3 +M0n)∗m,nαm,n
}
+ . . . ,
where 2piθ = βΩ, ∗m,n = −m,−n and the sum over n excludes n = 0 for generic values of
M0, and excludes n = −1, 0,+1 when M0 = −1.
The one-loop partition function is then found to be
Z1−loop[β, θ] = Ne−I
(0)
E
∏
m,n
(m− θn)−1(n3 +M0n)−1, (4.11)
where N is a normalization constant independent of β and Ω.
The β-dependence of the partition function is captured entirely by the saddle point con-
tribution. To perform the product over m we consider
∂θ logZ1−loop = −piic2
6
L0 +
∑
n 6=0
∞∑
m=−∞
n
m− θn (4.12a)
= −piic2
6
L0 +
∑
n 6=0
{
−1
θ
+
∞∑
m=1
2θn2
m2 − θ2n2
}
(4.12b)
= −piic2
6
L0 − 2pi
∞∑
n=1
n cot(pinθ) . (4.12c)
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The above sum diverges and so there are several ways how one can deal with this diver-
gence. In the following we describe first an approach that was followed by Barnich et
al. in [25] that can be roughly described as “integrate first, regularize later”. After that
we describe an alternative approach that switches the order of these operations around
i.e. “regularize first, integrate later”. Both approaches yield sensible results, albeit with
different quantum shifts of the central charges involved.
The first approach, that was followed by Barnich et al. in [25] is to immediately integrate
the divergent sum split it into two parts and then perform a very specific analytic contin-
uation of θ (for one part θ → θ+ i and the other θ → θ− i) in order to obtain a regular
expression. The result after exponentiation is (up to a normalization constant)
Z1−loop = e−I
(0)
E
∞∏
n=1
1
|1− qn|2 , with: q = e
2pii(θ+i), (4.13)
for the flat space cosmology solutions. For the Minkowski ground state M0 = −1 and
L0 = 0 and we obtain
ZMink1−loop = e
β
8GN
∞∏
n=2
1
|1− qn|2 , (4.14)
consistent with the result obtained in [25]. The answer (4.13) obtained by not immediately
taking care of the divergence of the sum (4.12c), actually agrees with the massive BMS3
character obtained in [79].
χp0,j0 [(f, α)] = e
2piij0θe−β(p0−c2/24)
∞∏
n=1
1
|1− qn|2 , (4.15)
for j0 = − c212L0, p0 = c224(M0 + 1).
Note that in order to avoid poles in the partition function one needs a non-vanishing
imaginary part in θ. From (4.7) we see that the regularity conditions imply for θ that
θ =
i√
M0
. (4.16)
Hence we see that for positiveM0 (corresponding to the flat space cosmologies), θ is purely
imaginary. For negative and real M0, one would have to analytically continue θ to have
a (positive) imaginary part. Recent evidence from a discretized Ponzano-Regge model of
three-dimensional flat space [93] indicates that θ indeed obtains a finite imaginary shift.
Alternatively, one can also immediately deal with the divergent sum (4.12c) and then
integrate in order to obtain the logarithm of the partition function. In [63] the same
sum as in (4.12c) appeared and they used zeta function regularization. Following this
approach to regularize the partition function, one can write the sum as
∞∑
n=1
n cot(pinθ) =
∞∑
n=1
n(cot(pinθ) + i)− i
∞∑
n=1
n . (4.17)
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The first sum on the left hand side converges for Im(θ) > 0, so also now we should ana-
lytically continue θ to have a positive imaginary part. The second sum can be regularized
by zeta function regularization. Now the answer is
Z1−loop = e−I
(0)
E q−
1
12
∞∏
n=1
1
(1− qn)2 , (4.18)
for the flat space cosmology solutions. For the Minkowski ground state M0 = −1 and
L0 = 0 and we obtain
ZMink1−loop = e
β
8GN q−
13
12
∞∏
n=2
1
(1− qn)2 . (4.19)
We compare now to the results for the BMS3 characters obtained using the highest-weight
representations in [81]:
χvacuum(c1,c2,0,0)(θ, β) = e
−2piiθ c1
24
+β
c2
24
∞∏
n=2
1
(1− e2piinθ)2 , (4.20a)
χmassive(c1,c2,∆,ξ)(θ, β) = e
2piiθ(∆− c124)−β(ξ−
c2
24)
∞∏
n=1
1
(1− e2piinθ)2 . (4.20b)
We find that
vacuum− χ c1 = 26 , c2 = 3
GN
, (4.21a)
massive− χ c1 = 2 , c2 = 3
GN
, (4.21b)
∆ = − c2
12
L0, ξ =
c2
24
(M0 + 1) .
Here ∆ and ξ are the L0 and M0 weights of BMS3 primary states (for a brief review of BMS3
invariant quantum field theories see appendix A). We see that zeta function regularization
of the one-loop factor introduces a quantum shift of the c1 central charge by 26 in the
Minkowski vacuum and by 2 in the case of flat space cosmologies. The value of c2 is robust
under quantum corrections (it cannot shift by a number as it has a physical dimension,
but it could have received corrections of the form c2 → c2 + #ξ).
There is another way of looking at possible quantum shifts of c1 and c2. The authors
in [63] used arguments from heat kernel computations in AdS3 performed in [6] in order
to argue that the zeta function regularization they used is consistent with the one-loop
result of [6]. This basically boils down to keeping track of the divergences caused by
the infinite volume near the conformal boundary. One can try to look at the results we
obtained in this section along similar lines.
The one-loop partition function for 3D flat space Einstein gravity has been first computed
in [25]. The one-loop contributions to the partition function are computed via
S(1) = −1
2
ln det ∆(2) + ln det ∆(1) − 1
2
ln det ∆(0), (4.22)
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where ∆(2), ∆(1), ∆(0) are the kinetic operators that correspond to Laplacian operators for
a massless, traceless symmetric tensor, a vector, and a scalar, respectively. Computing all
these determinants one finds that they all have divergences due to the infinite volume of
R3/Z. However, these terms precisely cancel when adding them up like in (4.22). Using
the same reasoning as in the AdS3/CFT2 case we can interpret this as further evidence
that Newton’s constant does not receive one-loop corrections in 3D flat space i.e. the
value of c2 is robust under quantum corrections.
Now this also immediately raises the question precisely how universal the shifts of c1 are
that we obtained here using the zeta function regularization. At this point it seems that
one gets different shifts depending on how and at what point in the computation one
deals with the divergences that show up i.e. the result is regulator dependent. A putative
positive answer to this question has some quite far reaching consequences. If the shifts
(4.21) turn out to be universal this would also mean that quantum gravity in 3D flat
spacetime is a theory with both non-zero c1 and c2 and as such might exhibit features
such as parity breaking at the quantum level.
The results for the partition function computed in this section are likely to be one-loop
exact. The reason for this is a theorem due to Duistermaat and Heckman [73] that was
adapted to the 1D Schwarzian action relevant for the Sachdev-Ye-Kitaev (SYK) model
[94,95] in [74] and also invoked in [63] for the Alekseev-Shatashvili action. The argument
heuristically goes as follows. For geometric actions defined from Kirillov-Konstant (KK)
symplectic forms, the path integral measure includes the volume element of phase space,
which is the Pfaffian of the KK symplectic form. One can formally write this Pfaffian as
a path integral over a set of Grassmann odd variables. One can think of the Grassmann
odd fields as ghost fields. The action in the path integral now includes a term quadratic
in the ghost fields and one can define a Grassmann odd Q generator that leaves this
extended action invariant. This Q generates a supersymmetry of the geometric action
plus ghosts, and one can use this supersymmetry to localize the partition function by
adding the appropriate Q exact term. It would be interesting to work out the details of
this proof for geometric action of centrally extended semi-direct product groups such as
the one we are dealing with here, but for the moment we will be satisfied by stating that
the partition functions computed here are also derivable as a limit of the one-loop exact
partition functions computed in [63], so we expect our result to also be one-loop exact.
5 Wilson lines and entanglement entropy
One of the big advantages of using geometric actions and the language of coadjoint orbits is
that it allows one to very efficiently compute a variety of things. In the remaining sections
we focus on two particularly interesting physical quantities: entanglement entropy and
BMS3 blocks. The reason for this is that both computations require knowing the exact
form of certain bilocal operators i.e. two point functions that can be very efficiently
computed using BMS3 coadjoint orbits.
To make this statement more precise let us quickly recall an efficient strategy called the
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replica trick (see e.g. [96,97]) that is usually employed for computing entanglement entropy
in 2D CFTs as well as BMS3 invariant QFTs. Assuming one has a quantum system with
multiple degrees of freedom that can be divided into two subsystems A and B one can
write the resulting Hilbert space H as a direct product H = HA ⊗ HB. The reduced
density matrix ρA of the subsystem HA can then be defined by tracing out the degrees of
freedom of HB from the density matrix ρ of the total system H, i.e. ρA = TrBρ. In order
to quantify the “amount” of entanglement between system A and B one can introduce
the entanglement entropy between the two subsystems that is given by the von Neumann
entropy
SA = −Tr[ρA ln ρA]. (5.1)
Computing the logarithm of a density matrix can be quite complicated depending on the
quantum system in question. This problem can be circumvented by using the replica trick
where one considers n copies of the system that are glued together along the entangling
interval A in a certain fashion such that the resulting manifold is an n-sheeted Riemann
surface with a partition function Zn(A). This partition function can be used to compute
TrρnA =
Zn(A)
Z1(A)n
and in turn the associated Renyi entropies S
(n)
A = −∂nTrρnA. The entan-
glement entropy SA is related to the first Renyi entropy S
(1)
A by the limit n→ 1, or more
explicitly
SA = − lim
n→1
∂nTrρ
n
A. (5.2)
A key observation for both 2D CFTs [98] as well as 2D BMS3 invariant QFTs [24] is that
the quantity TrρnA transforms as a two-point function of two primaries Φ∆,ξ(x, u) with
certain weights under conformal or BMS3 transformations, respectively. Focusing on the
entanglement entropy of a single interval in an infinitely long (1+1)-dimensional quantum
system invariant under BMS3 symmetries at zero temperature one can relate Trρ
n
A to the
expectation value of said two-point function on the complex plane [24]
TrρnA = kn〈Φ∆,ξ(x1, u1)Φ∆,ξ(x2, u2)〉nC ≡ kn〈B∆,ξ(x1, u1;x2, u2)〉n, (5.3)
where kn are some constants and the BMS weights are related to the central charges c1
and c2 as
∆ =
c1
24
(1− 1
n2
), ξ =
c2
24
(1− 1
n2
). (5.4)
In a nutshell this means that knowing the precise form of B∆,ξ(x1, u1;x2, u2) also means
knowing the precise form of the entanglement entropy of a bipartite system.
The Renyi entropies have been calculated using Galilean conformal field theory techniques
[24] by explicitly evaluating the expectation value of the two-point function (5.3). In this
section we take a slightly different approach by computing the bilocal operators from a
Wilson line along a curve C with end points (x1, u1)→ (x2, u2) at the boundary
B∆,ξ(x1, u1;x2, u2) = 〈out|P exp
[∫
C
A
]
|in〉 . (5.5)
The Wilson line is computed in some suitably defined representation of isl(2,R) and then
reduced to the boundary theory using the methods of section 3.
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This computation is reminiscent of holographic computations of entanglement entropy
using Wilson lines in 3D Chern-Simons theories of gravity [24, 28, 99–101], but it differs
in essential details. The difference with the approach followed here is that the afore-
mentioned papers use a Wilson line construction to compute (a generalized notion of)
bulk geodesic length of an extremal surface anchored at the boundary interval of inter-
est. The entanglement entropy is then obtained from this by invoking (the appropriate
generalization of) the Ryu-Takayanagi formula [97].
Here we use the bulk Wilson line to define a bilocal operator whose expectation value is
a two-point function of BMS3 primaries in the boundary theory. Since we now have an
effective boundary field theory for BMS3 transformations around a given bulk saddle, we
can not only compute the large c2 semi-classical result, but also the leading order 1/c2
corrections that correspond to stress tensor exchanges between the BMS3 primaries. This
is achieved in a perturbative expansion of the geometric action on the BMS3 coadjoint
orbits. The same techniques will be applied in the next section to compute the BMS3
identity block, both for light operators and in the heavy-light limit, but first we will
compute the Wilson line (5.5), generalizing to flat space the construction of [102,103].
5.1 Bilocal operators from Wilson lines
In order to make contact with (5.3) we first focus on computing (5.5) on the null orbifold
with M0 = 0 = L0. The results on the plane are easily derivable from this by decompact-
ifying the ϕ circle. We have seen from the results in section 3 that M0 and L0 can be
reinstated by the transformations (3.22). The two operator insertions that make up the
bilocal are placed at (ϕ1, u1) and (ϕ2, u2), respectively. The connection A takes the form
A =
(
L+ − 1
4
M(ϕ)L− − 1
2
N(ϕ, u)M−
)
dϕ+
(
M+ − 1
4
M(ϕ)M−
)
du. (5.6)
The function M and N are given by equation (3.14) in terms of the fields X and W on
the null orbifold. To compute this Wilson line, we use the transformation property
U−1(ϕ2, u2)P exp
[∫
C
a
]
U(ϕ1, u1) = P exp
[∫
C
aU
]
, (5.7)
where aU = U
−1aU − U−1 dU to bring the path-ordered exponential in a computable
form. When one takes
a = L+ dx+ M+ du , U = e
λ+L++µ+M+eλ
0L0+µ0M0eλ
−L−+µ−M− , (5.8)
with
λ+ = ϕ−X(ϕ), µ+ = u−W (ϕ, u), (5.9)
λ0 = − log(X ′), µ0 = −W
′
X ′
, (5.10)
λ− = − X
′′
2X ′
, µ− =
2X ′′W ′ −X ′W ′′
2(X ′)2
, (5.11)
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one may verify that aU is exactly given by (5.6). Hence the Wilson line (5.5) can be
computed as4
B∆,ξ(ϕ1, u1;ϕ2, u2) = 〈out|U−1(ϕ2, u2)P exp
[∫ ϕ2
ϕ1
L+ dϕ+
∫ u2
u1
M+ du
]
U(ϕ1, u1)|in〉.
(5.12)
Next, one has to use a suitable representation for |in〉 and |out〉. There are at least two
possible choices: “ordinary” highest-weight representations and induced representations
of isl(2,R). Highest-weight representations are very straightforward to work with and
have been used heavily in previous works, however, they exhibit negative norm states in
general (i.e. for c2 6= 0). On the other hand, induced representations by construction
do not suffer from negative norm states, but are not as straightforward to work with in
comparison. Since previous successful computations of entanglement entropy in BMS3
invariant QFTs [24, 28] made use of highest-weight representations we will also employ
them in the following computations.
In line with the AdS3 computation of the Wilson line in [102, 103] we take the following
choice of in- and out-state in a highest-weight representations of isl(2,R)
L−1|in〉 = 0 = M−1|in〉 , L0|in〉 = −∆|in〉 , M0|in〉 = −ξ|in〉, (5.13)
L+1|out〉 = 0 = M+1|out〉 , L0|out〉 = ∆|out〉 , M0|out〉 = ξ|out〉. (5.14)
Thus, our in- and out-states are highest-weight states with weights |in〉 ≡ | −∆,−ξ〉 and
|out〉 ≡ |∆, ξ〉. Hermitian conjugation is defined by taking L†n = L−n and likewise for Mn.
The Wilson line (5.12) then becomes
B∆,ξ(ϕ1, u1;ϕ2, u2) = e
ξ
(
W ′1
X′1
+
W ′2
X′2
)
(X ′1X
′
2)
∆ 〈out|P exp [X21L+ +W21M+] |in〉 , (5.15)
where here Xi = X(ϕi) and X12 = X1−X2 and likewise for W . By the Baker-Campbell-
Hausdorff formula it is possible to prove the identity
exp [αL+ + βM+] = exp
[
−β
α
M0
]
exp [αL+] exp
[
β
α
M0
]
. (5.16)
Using this, equation (5.15) becomes
B∆,ξ(ϕ1, u1;ϕ2, u2) = e
ξ
(
−2W12
X12
+
W ′1
X′1
+
W ′2
X′2
)
(X ′1X
′
2)
∆ 〈out|P exp [X21L+] |in〉 . (5.17)
In order to compute the last remaining term one can first analytically continue ∆→ −j
so that one effectively ends up with a finite-dimensional representation of the sl(2,R)
4Here we made a slight abuse of notation in order to emphasize the beginning and endpoints of
the interval. More correctly one would have to write the argument of the path ordered exponential as∫ 1
0
dτ
(
∂ϕ
∂τ L+ +
∂u
∂τ M+
)
, where ϕ(0) = ϕ1, ϕ(1) = ϕ2, u(0) = u1 and u(1) = u2 and for some parametriza-
tion of the coordinates xµ = (ϕ(τ), u(τ)).
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subalgebra spanned by Ln, where
5 〈−j, ξ|P exp [αL+]|j,−ξ〉 = α2j. Thus we obtain as the
final result for our bilocal field
B∆,ξ(ϕ1, u1;ϕ2, u2) = e
ξ
(
−2W12
X12
+
W ′1
X′1
+
W ′2
X′2
)(
X ′1X
′
2
(X21)2
)∆
. (5.18)
This could have been obtained in an easier way by considering that under a finite BMS3
transformation (ϕ, u)→ (X(ϕ),W (ϕ, u)) the BMS3 primaries transform as [104]
O∆,ξ(ϕ, u)→ (X ′)∆eξW
′
X′ O∆,ξ(X,W ). (5.19)
The bilocal operator (5.18) is exactly the finite transformation of a two-point function of
BMS3 primaries on the plane, given in equation (A.9).
From this result and the map (3.22), we can find the expression for the bilocal operator
on the vacuum orbit of BMS3 or on the massive orbits with non-zero M0 and L0. For
instance, to map this result to the bilocal to the vacuum orbit, we take M0 = −1 and
L0 = 0 in (3.22), that is, we take
X = e−if(u,ϕ) , W = −ie−if(u,ϕ)α(f, u) , (5.20)
to obtain
Bvac∆,ξ(ϕ1, u1;ϕ2, u2) =
(
f ′1f
′
2
4 sin2(f12
2
)
)∆
exp
[
ξ
(
− α12
tan
(
f12
2
) + α′1
f ′1
+
α′2
f ′2
)]
. (5.21)
On the massive BMS3 orbits, the map (3.22) for generic (non-zero) M0 and L0 gives
Bm∆,ξ(ϕ1, u1;ϕ2, u2) =
(
γ2f ′1f
′
2
22 sin2
(
γ
2
f12
))∆ exp [ξ(α′1
f ′1
+
α′2
f ′2
− 2L0
γ2
)]
× exp
[
−ξγ
(
α12 − L0
γ2
f12
)
cot
(γ
2
f12
)]
, (5.22)
where we have defined
γ =
√
−M0 =
√
1− 24ξH
c2
. (5.23)
The last equality follows from (4.21b) and ξH is the M0 weight of the flat space cosmology.
Note that the parameter γ is related to the fugacity θ = Ωβ
2pi
of the last section as
γ = −1
θ
. (5.24)
5The most straightforward way to see this is to expand the exponential and to realize that all inner
products between the occurring states generated by repeated application of L+ are zero except the state
that is generated by (L+)
2j |in〉.
27
For the saddle point solutions (3.34) the map to the vacuum orbit (5.20) exactly corre-
spond to the coordinate transformation from the plane (with coordinates (X,W ) = (x, t))
to the null cylinder
x = e−iϕ , t = −iue−iϕ . (5.25)
A similar map for the saddles of the massive orbit
x = e−iγϕ , t = −iγe−iγϕ
(
u− L0
γ2
ϕ
)
, (5.26a)
defines the BMS3 analogue of the uniformizing transformations in AdS3/CFT2 of [75],
where these transformations were used to compute expectation values for light operators
in a heavy (BTZ) background. It is now apparent that in the CFT case this is equivalent
to the map from the zero representative orbit of the Virasoro group to the generic positive
representative orbits corresponding to the BTZ black holes. Here we found the flat space
analogues to these transformations.
5.2 Computing entanglement entropy using the bilocal
Now that we have found the bilocal operators and understood how to map this to the
different coadjoint orbits of BMS3, we can proceed to compute the entanglement entropy
by evaluating (5.3) and taking the limit (5.2). Here we first compute the leading order
result and we discuss quantum corrections in the next subsection. The leading order
contribution to the EE comes from simply plugging in the saddle point values (3.34) in
the bilocal operator on the relevant orbit. In this way, we can recover known results
of [24,27,28] for the entanglement entropy on the plane (by taking (5.17) with (X,W ) =
(x, t)):
SplaneEE =
c1
6
log
x12
x
+
c2
6
(
t12
x12
− u
x
)
, (5.27)
and for the cylinder (from the bilocal on the vacuum orbit (5.21))
ScylEE =
c1
6
log
(
2
ϕ
sin
ϕ12
2
)
+
c2
6
(
u12
2 tan ϕ12
2
− u
ϕ
)
, (5.28)
where we have introduced the UV cut-offs x, ϕ and u. The result for flat space cosmolo-
gies follows from (5.22) and reads
SFSCEE =
c1
6
log
(
2
γϕ
sin
γϕ12
2
)
+
c2
6
(
L0
γ2
+
γ(u12 − L0γ2ϕ12)
2 tan γϕ12
2
− u
ϕ
)
. (5.29)
These results agree exactly with those obtained in [24,27,28].
In [82] holographic methods were used to compute the entanglement entropy of the flat
space analogue of Ban˜ados geometries [69] whose holographic duals are generic excited
states in a 2D BMS3 invariant QFT. The term excited state in this context means that the
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expectation values of the energy-momentum operators TM and TL in a BMS3 invariant
QFT depend on two arbitrary functions M and N and can be written as (see e.g. [22])
2pi〈TM〉 = c2
24
M(x), 2pi〈TL〉 = c1
24
M(x) +
c2
12
N(x, t) , (5.30)
where 2∂tN = ∂xM. Equivalently one can also look at these states as being generated by
finite BMS3 transformations x → f(x) and t → g(f(x), u) from a given reference state
such as e.g. the null orbifold. The entanglement entropy for such excited states found
in [82] reads
SEE =
c1
6
log
(f2 − f1)
x
√
f ′1f
′
2
+
c2
6
(
g2 − g1
f2 − f1 −
u
x
− g
′
2
2f ′2
− g
′
1
2f ′1
)
. (5.31)
Having computed the bilocal (5.18) we now have a very simple way of reproducing this
from a BMS3 QFT point of view. The first thing to do is to regulate the interval sizes by
introducing the UV cutoffs x and u. This leads to
B∆,ξ(x1, u1;x2, u2) = e
ξ
(
−2
(
W21
X21
− u
x
)
+
W ′1
X′1
+
W ′2
X′2
)(
2xX
′
1X
′
2
(X21)2
)∆
. (5.32)
Equation (5.3) instructs us to compute the expectation value of this bilocal. To leading
order in c2, we can do so by simply replacing the expectation values of fields X and W
by the finite BMS3 transformations f(x) and g(f(x), u) respectively. The Renyi limit
n→ 1 in (5.2), together with the weights (5.4) gives precisely the expression (5.31). This
provides a very nice and simple cross check for the holographic (large c2) results obtained
in [82].
5.3 Quantum corrections
We have seen that the tree level expectation value for the bilocal operators exactly repro-
duces the known results for the entanglement entropy of BMS3 invariant fields theories
semi-classically. But our current setup allows us to do better and we can compute the
subleading contributions to the entanglement entropy in a perturbative expansion in 1/c2.
Since pure gravity in 3D flat space can be reduced to the geometric action on the coad-
joint orbits of BMS3, we can use this action to compute the one-loop contributions to the
expectation values of the bilocals by a perturbative expansion around the classical saddle
points (3.34). These contributions are coming from stress tensor exchanges between the
two BMS3 primary fields, or in other words, from descendents of the BMS3 primaries.
Note that since c2 is inversely proportional to Newton’s constant it is a parameter that has
a physical dimension of a mass. Thus, whenever we are referring to large c2 we implicitly
mean large compared to the typical masses of the problem at hand which are set by ξ.
I.e. for light operators, (small masses), we mean ξ/c2  1. In section 6 we will also
consider heavy operators, that have masses such that ξH/c2 ∼ 1. In that case there will
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still be a set of light operators which have small masses compared to c2, validating a large
c2 expansion.
To proceed we need two ingredients. We first need the quadratic action for perturbations
around the saddle point (3.34) to compute the propagators on the relevant BMS3 orbits.
Then we expand the bilocal (5.21) to quadratic order and use the propagators to obtain
the O(1/c2) corrections to (5.28). In this section we restrict ourselves to the subleading
corrections to the entanglement entropy on the cylinder, corresponding to the vacuum
BMS3 orbits. The results for the massive orbits of BMS3 can be derived from the O(1/c2)
corrections to the heavy-light BMS3 identity block, which we compute in the next section.
5.3.1 BMS3 propagators
In section 3 we reduced the gravitational action for flat space to the boundary and found
the geometric action for BMS3 coadjoint orbits. Here we expand this action around the
classical saddle points (3.34) and compute the quadratic action for fluctuations around
these saddles. To be more general, we include the Hamiltonian (3.28) for generic constant
µL/M and set µM = 1 and µL = 0 afterwards. After analytically continuing u→ −iy the
action reads
I[f, α,L0,M0] = − c2
24pi
∫
dy dϕ
[
(L0 +M0α
′(f)− α′′′(f)) (i∂yf − µLf ′)f ′ (5.33)
− 1
2
µM
(
M0f
′2 − 2{f, ϕ}) ].
The propagators for fluctuations (ϕ, y) and α˜(ϕ, y) around the classical saddle points are
obtained by expanding this action to quadratic order, i.e. we take
f(ϕ, y) = ϕ+ (ϕ, y) , α(ϕ, y) = y + α˜(ϕ, y) . (5.34)
Plugging (5.34) into (5.33) we obtain ICS = I
(0) + I(2) + . . ., where the dots denote higher
order terms and
I(2) = − c2
24pi
∫
dy dϕ
(
(L0
′ +M0α˜′ + α˜′′′) ∂˜−− µM
2
(′′2 +M0′2)
)
, (5.35)
with ∂˜− = i∂y − µL∂ϕ In terms of the Fourier modes ˆn(ω) and αˆn(ω) defined as
(ϕ, y) =
1
(2pi)2
∫ ∞
−∞
dω
∞∑
n=−∞
einϕ+iωy ˆn(ω) , (5.36a)
α˜(ϕ, y) =
1
(2pi)2
∫ ∞
−∞
dω
∞∑
n=−∞
einϕ+iωyαˆn(ω) , (5.36b)
the quadratic action reads
I(2) =
1
2
∫ ∞
−∞
dω
∑
n
An(ω)ijχˆ
i
n(ω)χˆ
j
−n(−ω) . (5.37)
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Here χˆi = {ˆ, αˆ} and the sum over n excludes n = 0 for the massive orbits and n = 0,±1
for the global Minkowski orbit. The matrix elements An(ω)ij are given by
An(ω) =
1
(2pi)3
c2
12
(
(An(ω))11 in(n
2 +M0)(ω − iµLn)
in(n2 +M0)(ω − iµLn) 0
)
, (5.38)
(An(ω))11 =µMn
2(n2 +M0) + 2ni(ω − iµLn)L0. (5.39)
The propagators in Fourier space are found by inverting the matrix An(ω). This gives
〈ˆn1(ω1)ˆn2(ω2)〉 = 0 , (5.40a)
〈αˆn1(ω1)ˆn2(ω2)〉 =
24pi
c2
(2pi)2δn1+n2δ(ω1 + ω2)
in1(n21 +M0)(ω1 − iµLn1)
, (5.40b)
〈αˆn1(ω1)αˆn2(ω2)〉 =
24pi
c2
[ µM
(n21 +M0)(ω1 − iµLn1)2
(5.40c)
+
2iL0
n1(n21 +M0)
2(ω1 − iµLn1)
]
(2pi)2δn1+n2δ(ω1 + ω2) .
The position space propagators are then obtained by Fourier transforming back as
〈χi(ϕ, y)χj(0, 0)〉 = 1
(2pi)4
∫ ∞
−∞
dω1 dω2
∑
n1,n2
ein1ϕeiω1y〈χin1(ω1)χin2(ω2)〉 , (5.41)
where the sum excludes n1 = 0 = n2 for the massive orbits and it excludes n1 =
−1, 0,+1 = n2 whenever M0 = −1 (in these cases the matrix (5.38) is not invertible).
These modes are excluded due to the ISL(2,R) gauge invariance on the vacuum orbit.
We perform the Fourier transform assuming µL is real and non-negative. For the vacuum
orbit (with M0 = −1, L0 = 0) the result is after continuing back to y → iu:
〈(ϕ, u)(0, 0)〉 = 0, (5.42a)
〈α˜(ϕ, u)(0, 0)〉 = 3
c2
(
3ζ − 2− 2(1− ζ)
2
ζ
log (1− ζ)
)
, (5.42b)
〈α˜(ϕ, u)α˜(0, 0)〉 = 3iuµM
c2
(
2 + ζ − 2(ζ
2 − 1)
ζ
log(1− ζ)
)
= iµMu ζ∂ζ〈α˜(ϕ, u)(0, 0)〉, (5.42c)
with ζ = eisign(u)(ϕ−µLu). For the massive orbits, the propagators are
〈(ϕ, u)(0, 0)〉 =0, (5.43a)
〈α˜(ϕ, u)(0, 0)〉 = 6
c2γ2
(
2 log(1− ζ) + Φ(ζ, 1, γ) + Φ(ζ, 1,−γ)
)
, (5.43b)
〈α˜(ϕ, u)α˜(0, 0)〉 = 6L0
c2γ3
(
Φ(ζ, 2, γ)− Φ(ζ, 2,−γ)
)
(5.43c)
+
(
2L0
γ2
+ iµMu ζ∂ζ
)
〈α˜(ϕ, u)(0, 0)〉,
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where γ was given in (5.23) and Φ(ζ, s, a) is the Lerch transcendent
Φ(ζ, s, a) =
∞∑
n=0
ζn
(n+ a)s
. (5.44)
In what follows, we sometimes need to consider the coincidence point limit of these prop-
agators. We regularize this by introducing a cutoff in imaginary ϕ and u, such that for
the vacuum orbit:
〈α˜(ϕ+ iδϕ, u+ iδu)(ϕ, u)〉 = 3
c2
+ . . . , (5.45)
〈α˜(ϕ+ iδϕ, u+ iδu)α˜(ϕ, u)〉 = . . . , (5.46)
〈α˜′(ϕ+ iδϕ, u+ iδu)′(ϕ, u)〉 = −9 + 12 log(δϕ − µLδu)
c2
+ . . . , (5.47)
〈α˜′(ϕ+ iδϕ, u+ iδu)α˜′(ϕ, u)〉 = − 12δu
c2(δϕ − µLδu) + . . . , (5.48)
where the dots denote subleading terms in δϕ and δu. The analogous expressions for the
massive orbits are listed when we need them in (6.25) below.
In the following we set µM = 1 and take the limit µL → 0↓ such that ζ = esign(u)iϕ.
5.3.2 Quantum corrections to the entanglement entropy
We now proceed to compute the O(1/c2) corrections to the entanglement entropy in flat
space Einstein gravity (with µL = 0, µM = 1 and c1 ∼ O(1)). To this end, we expand the
bilocal operators B∆,ξ(ϕ1, u1;ϕ2, u2) around the saddle point as in (5.34). We focus here
on the result dual to the Minkowski vacuum, by expanding the bilocal on the vacuum orbit
(5.21). To obtain the quantum corrections to the entanglement entropy for field theories
dual to the flat space cosmologies, we use the corrections to the heavy-light identity BMS3
block which we compute in the next section.
The expansion of the bilocal (5.21) gives
B∆,ξ(ϕ1, u1;ϕ2, u2) =〈O1O2〉cyl
(
1 + F
(1)
12 · χ+
1
2
(F
(1)
12 · χ)2 + . . . (5.49)
+ ∆(J
(2)
12 · 2) + ξ
(
(K
(2)
12 · 2) + (F(2)12 · α˜)
)
+ . . .
)
,
where 〈O1O2〉cyl is the two-point function of two BMS3 primary fields on the cylinder
〈O1O2〉cyl = 1(
2 sin
(
ϕ12
2
))2∆ e−u12ξ cot ϕ122 . (5.50)
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The first order contributions are
F
(1)
12 · χ = ∆(J(1)12 · ) + ξ(K(1)12 · ) + ξ(J(1)12 · α˜), (5.51a)
J
(1)
12 ·  = ′1 + ′2 − cot
(
ϕ12
2
)
12, (5.51b)
K
(1)
12 ·  =
u1212
2 sin2
(
ϕ12
2
) . (5.51c)
At second order, the contributions are characterized by two separate types. One is the
square of the first order contributions, quadratic in the weights ∆, ξ. The second type of
terms are linear in ∆, ξ and read:
J
(2)
12 · 2 =
1
4
(
212
sin2
(
ϕ12
2
) − 2(′12 + ′22)
)
, (5.52a)
K
(2)
12 · 2 = −
1
4
cot
(
ϕ12
2
)
sin2
(
ϕ12
2
)u12212 = 12 (K(1)12 · )(J(1)12 · − ′1 − ′2) , (5.52b)
F
(2)
12 · α˜ =
α˜1212
2 sin2
(
ϕ12
2
) − ′1α˜′1 − ′2α˜′2. (5.52c)
Next we compute the expectation value of (5.49). The first order terms 〈F(1)12 · χ〉 vanish.
Since 〈〉 = 0, there are only three terms contributing at order O(1/c2). They are
〈B∆,ξ(ϕ1, u1;ϕ2, u2)〉 = 〈O1O2〉cyl
(
1 + ξVξ + ξ∆Vξ∆ + ξ
2Vξξ + . . .
)
, (5.53)
with
Vξ = 〈F(2)12 · α˜〉 =
12
c2
(
3− 2 log
(
2
δϕ
sin
(ϕ12
2
)))
, (5.54a)
Vξ∆ = 〈(J(1)12 · α˜)(J(1)12 · )〉 =
12
c2
(
2 log
(
2
δϕ
sin
(ϕ12
2
))
− 2
)
, (5.54b)
and
Vξξ = 〈(J(1)12 · α˜)(K(1)12 · ) +
1
2
〈(J(1)12 · α˜)(J(1)12 · α˜)〉〉
=
12
c2
(
1
2
u12 cot
(ϕ12
2
)
− δu
δϕ
)
. (5.54c)
We see that the UV cutoffs δϕ and δu correspond to the cutoffs ϕ and u introduced in
(5.28). Finally, we are ready to compute (5.3) and use this to take the limit n → 1 in
(5.1). Due to the scaling of the weights of the operators (5.4), only the term Vξ contributes
and the result is6
ScylEE =
c1 + 12
6
log
(
2
ϕ
sin
ϕ12
2
)
+
c2
6
(
u12
2 tan ϕ12
2
− u
ϕ
)
. (5.55)
6It should be noted that we used a slightly different normalization for the constant k1 in (5.3) than
in the previous section.
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We see that once again c1 is shifted, but now by 12, not by 26 in contrast to the shift of
the central charge for the one-loop partition function. We would like to stress at this point
that this shift of c1 is exact in the sense that the entanglement entropy does not receive
any further perturbative corrections in O(1/c2). This can be easily seen by rewriting the
expansion of the bilocal as
B∆,ξ(ϕ1, u1;ϕ2, u2) = 〈O1O2〉cyl
∞∑
i=0
∞∑
j=0
aij∆
iξj, (5.56)
where a00 = 1 and all the other coefficients aij are linear combinations of multi-point
functions of  and α˜ and then computing
SEE = − lim
n→1
∂n(B∆,ξ(ϕ1, u1;ϕ2, u2))
n. (5.57)
It is straightforward to see that using the weights (5.4) the resulting entanglement entropy
looks like
SEE = S
cyl(0)
EE −
1
12
(c1a10 + c2a01), (5.58)
where S
cyl(0)
EE is given by (5.28). The coefficient a10 is an infinite sum of propagators
of arbitrary powers of  that by virtue of (5.42) all vanish thus yielding a10 = 0. The
coefficient a01 on the other hand also contains – in addition to arbitrary powers of  –
terms of the form 〈α˜m〉. For m 6= 1 all these terms vanish as well, leaving only the
terms that are proportional to 〈α˜〉 (and derivatives thereof) as possible contributions to
corrections of the entanglement entropy. These terms are precisely what we computed in
this section. This shows explicitly that the contribution from stress-tensor descendants
to the entanglement entropy of a BMS3 invariant quantum field theory is one-loop exact.
This gives another indication that the same contributions to the partition function are
also one-loop exact, as the entanglement entropy can equivalently be computed from the
replica partition function.
We want to close this section with a brief discussion regarding the quantum corrections to
entanglement entropy that we worked out here. The first thing we would like to point out
is that the functional form of entanglement entropy is completely fixed by symmetry. The
only thing that can change due to quantum corrections is the interpretation of the central
terms c1 and c2 and their relation to Newton’s constant (or other parameters). It might
look curious at first sight that we find a shift of c1 instead of c2 =
3
GN
. However, this
is in agreement with the partition function computation that we performed previously
and further reinforces the interpretation that there seems to be no renormalization of
Newton’s constant due to quantum effect in 3D asymptotically flat Einstein gravity. This
in turn raises the question on how universal the shift of 12 actually is that we found.
While we have no conclusive answer to this we will argue in the following that it is very
likely that the shift we computed here for entanglement entropy is not universal.
Recent work [105] in the context of AdS/CFT suggests that the interpretation of quan-
tum corrections computed holographically using the Faulkner, Lewkowycz and Maldacena
(FLM) prescription [106] depends on the bulk regulator used. To be more specific, the
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bulk entanglement entropy in the vacuum for both gauge fields and gravitons including
quantum corrections for an entangling interval at constant time and an angular separation
θ12 is given by [105]
SCFT =
(
c
3
+
ctop
3
`
bulk
+
ctop
3
)
log
[
2
CFT
sin
(
θ12
2
)]
, (5.59)
where c = 3`
2GN
, ` is the AdS radius and ctop counts the number of (boundary) degrees
of freedom of the bulk effective field theory. One can already see from this expression it
is not completely clear on how to separate this shift into a contribution coming from a
renormalization of Netwon’s constant and a reinterpretation of the relation between the
central charge and Newton’s constant. This also suggests that interpretations regarding
the universality of the quantum shifts are highly dependant on the regulator that is used
in the bulk. Depending on how one chooses the bulk regulator one might have different
interpretations for the quantum shift of the holographic central charge such as e.g. 1
in [105], 13 in [63] and 26 in [107].
Even though as of yet it is not understood how the FLM prescription translates to flat
space holography, the results and discussions in [105] are very useful to discuss the uni-
versality of the shift of c1 by 12 that we found. Based on previous results in flat space
holography and BMS invariant quantum field theories it is known that in basically all the
results obtained so far there is always a part that looks like a chiral half of a CFT2 that
is associated to c1. Based on this it is very likely that a (bulk) BMS version of FLM will
functionally look almost exactly like (5.59) (modulo the AdS radius) and contain terms
that count the number of boundary degrees of freedom of the bulk effective theory and
some bulk cutoff.
One possible way to make this discussion a little bit more explicit is to think about
these quantum corrections in terms of a flat space limit of AdS3/CFT2 results. On the
level of the dual quantum field theories this corresponds to an I˙no¨nu¨–Wigner contraction
of a parent 2D CFT. This procedure typically consists of assuming two chiral halves
of a CFT with different generators and central charges, linearly combining the physical
quantities of interest, properly introducing a contraction parameter and then to perform
the contraction. By doing so one is able to get a glimpse of a putative BMS version of
FLM for the entanglement entropy of boundary gravitons.
In this particular case this would amount to assuming two expressions7 for the entangle-
ment entropy S±CFT of two chiral copies of a CFT with coordinates x
± = ϕ12 ± u12` as
S±CFT =
(
c±
6
+
c±top
6
`
±bulk
+
c±top
6
)
log
[
2
±CFT
sin
(
x±12
2
)]
. (5.60)
After defining the quantities
c± =
1
2
(`c2± c1), c±top =
1
2
(`ctop2 ± ctop1 ), ±bulk = `bulkϕ ± bulku , ±CFT = ϕ±
u
`
, (5.61)
7Note that for c+ = c−, c+top = c
−
top, 
+
bulk = 
−
bulk, 
+
CFT = 
−
CFT and x
+ = x− = ϕ12 one recovers
precisely (5.59) for SCFT = S
+
CFT + S
−
CFT.
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and taking the limit8 lim
`→∞
(S+CFT − S−CFT) one obtains a finite expression of the form
SBMS = S
c1
BMS + S
c2
BMS with
Sc1BMS =
(
c1
6
+
ctop1
6bulkϕ
+
ctop1
6
− c
top
2 
bulk
u
6(bulkϕ )
2
)
log
[
2
ϕ
sin
(
ϕ±12
2
)]
, (5.62a)
Sc2BMS =
(
c2
6
+
ctop2
6bulkϕ
+
ctop2
6
)(
u12
2 tan ϕ12
2
− u
ϕ
)
. (5.62b)
There are a couple of interesting points about these expressions. First of all, it is note-
worthy, that it seems in principle to be possible to have bulk corrections to entanglement
entropy also for c2. However, it is by no means clear what this parameter c
top
2 could mean
physically (if it even exists in the first place) since, similar to c2, it would have a physical
dimension. Second, it is clear from e.g. the one-loop partition function computations that
have been done in Section 4 or the heat kernel method used in [25] that in this case ctop2
has to be zero. Taking this into account the above expressions simplify to
Sc1BMS =
(
c1
6
+
ctop1
6bulkϕ
+
ctop1
6
)
log
[
2
ϕ
sin
(
ϕ±12
2
)]
, (5.63a)
Sc2BMS =
c2
6
(
u12
2 tan ϕ12
2
− u
ϕ
)
. (5.63b)
This expression qualitatively agrees with (5.55) and is consistent with what we argued in
the previous paragraphs. In particular, it is suggestive to interpret the quantum shift of
12 that we obtained previously as
12 =
ctop1
bulkϕ
+ ctop1 . (5.64)
Since as of yet we have no universal way of splitting the number 12 that we get into
contributions coming from ctop1 and 
bulk
ϕ it seems likely that in the BMS case the quantum
shifts of c1 is not universal, but depends on the specific bulk regulator used. From
this perspective it might also be more plausible why the quantum shift for the one-loop
partition function differs from the one that we found for the entanglement entropy because
both use different regulators. It is certainly not easy to see how the regularization used in
this section compares with the zeta-function regularization of section 4. This point will
require more clarification and in particular a better understanding of the FLM proposal
applied to BMS invariant quantum field theories. We will leave that for future work.
8One important aspect of performing the correct contraction that corresponds on the gravity side
to a limit of vanishing cosmological constant is that instead of taking S+CFT + S
−
CFT one has to consider
S+CFT − S−CFT in order to get a finte result. See for example [32,108] and references therein or footnote 9
for more details.
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6 BMS3 blocks from the coadjoint orbit
In this section we use the methods developed in the last section to compute the BMS3
identity block. BMS3 blocks are elementary building blocks of correlation functions in
BMS3 invariant field theories. Whereas the two- and three-point functions of BMS3
primary operators are completely fixed by symmetry, the four-point functions can be
decomposed into BMS3 blocks, defined in analogy to the conformal blocks in [83,84]. The
correlator of four BMS3 primary fields φi with L0 weights ∆i and M0 weights ξi can be
written as a sum over BMS3 blocks Fp, labeled by the exchanged primary fields p.
〈φ1φ1φ2φ2〉
〈φ1φ1〉〈φ2φ2〉 =
∑
p
c11pc22pFp(x, t; ∆i, ξi) . (6.1)
Here cijp are the three-point function coefficients. The BMS3 blocks depend on the cross
ratios x = x12x34
x13x24
and t/x = t12
x12
+ t34
x34
− t13
x13
− t24
x24
, the external weights ∆i, ξi and the
weights of the exchanged primary ∆p, ξp. Some elementary BMS3 field theory is reviewed
in appendix A.
Like conformal blocks, it is quite challeging to compute BMS3 blocks in full generality,
as they contain a sum over all BMS3 descendents of the exchanged operator. The global
BMS3 blocks, that give the leading order contribution in large c2 to the BMS3 blocks, have
been computed for light operators (with weights ∆, ξ ∼ O(1) in [83,84] and in the heavy-
light limit (with two external weights of order c2 and two light operators) in [104, 109]
using monodromy methods.
Here we compute for the first time the identity BMS3 block in the large c2 limit that
corresponds to the exchange of the identity operator and all its descendents. In the
main text we use the expansion of the bilocal operators and its expectation value in the
geometric theory on the BMS3 coadjoint orbits. We check our results for light external
operators with those of a direct computation performed in appendix A, where we explicitly
sum over descendents at the relevant order in 1/c2. In the heavy-light limit we use
the expectation value of the bilocal operators on the massive BMS3 coadjoint orbits to
compute the leading and subleading order in 1/c2.
6.1 BMS3 identity blocks
A BMS3 four-point function can be decomposed into so-called BMS-blocks [83]. In the
Chern-Simons theory, the blocks are computed by an open Wilson line network [110] with
end points at the boundary operator insertions. The representation of the external legs of
the Wilson lines determine the weights of the external operators, while the Wilson lines
are joined in bulk vertices by gluing them together using the appropriate Clebsch-Gordan
coefficients. For the exchange of the identity operator, the Clebsch-Gordan coefficients
are trivial and we do not need to worry about the bulk vertices. In that case, we can
simply compute the expectation value of two bilocal operators (5.21), evaluated on the
global Minkowski orbit of BMS3. The exchange of  and α˜ fields between the two bilocals
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will then account for the BMS3 stress-tensor descendants of the identity operator in the
exchange channel. When two of the external operators have common weights ∆1, ξ1 and
the other two have weights ∆2, ξ2, the full identity block is given by the normalized
two-point function of the bilocal operator:
F1(ϕi, ui) =
〈B∆1,ξ1(ϕ1, u1;ϕ2, u2)B∆2,ξ2(ϕ3, u3;ϕ4, u4)〉
〈B∆1,ξ1(ϕ1, u1;ϕ2, u2)〉〈B∆2,ξ2(ϕ3, u3;ϕ4, u4)〉
. (6.2)
We now compute this four-point function in perturbation theory in 1/c2, using the same
techniques as last section. The bilocal operators in (6.2) are expanded around the saddle
point as in (5.49), which gives to leading order
F1(ϕi, ui) = 1 + ∆1ξ2〈(J(1)12 · )(J(1)34 · α˜)〉+ ξ1∆2〈(J(1)12 · α˜)(J(1)34 · )〉 (6.3)
+ ξ1ξ2
(
〈(K(1)12 · )(J(1)34 · α˜)〉+ 〈(J(1)12 · α˜)(K(1)34 · )〉+ 〈(J(1)12 · α˜)(J(1)34 · α˜)〉
)
+ . . .
The dots denote higher order terms neglected here. We can now use the two-point cor-
relators (5.42) worked out in Section 5.3.1 to compute the bilocal two-point function to
first order in  and α˜. The answer can most easily be expressed by moving back to the
plane (by the inverse transformations ui = i
ti
xi
and ϕi = i log(xi) and using a global BMS3
transformation to fix the points at:
t1 = t2 = t4 = 0 , t3 = t , x1 =
1
λ
, x2 = 1 , x3 = x , x4 = λ, (6.4)
and then taking λ→ 0. This results in the expression for the identity BMS3 block to first
order in 1
c2
F1(x, t) = 1− 12
c2
[
(∆1ξ2 + ∆2ξ1) (2 + (1− 2/x) log(1− x))
+
ξ1ξ2t
x2(1− x) ((x− 2)x+ 2(x− 1) log(1− x))
]
+ O
(
1
c22
)
(6.5)
= 1 +
2
c2
[
(∆1ξ2 + ∆2ξ1)F(x) + t ξ1ξ2∂xF(x)
]
+ O
(
1
c22
)
,
where we have used the abbreviation F(x) = x2 2F1(2, 2; 4, x). This result can also be
computed by using the highest-weight representation of the BMS3 algebra and summing
all contributions at order 1/c2, as we show explicitly in appendix A.
It is well known that for 2d CFTs the identity block exponentiates in the limit where the
central charge c→∞ with h2/c kept fixed. One may ask whether a similar limit leads to
an exponentiation of the BMS3 block as well i.e. can one write, for an appropriate scaling
of ∆i and ξ
F1 = exp
[
2
c2
(
(∆1ξ2 + ∆2ξ1)F(x) + t ξ1ξ2∂xF(x)
)]
+ O
(
1√
c2
)
. (6.6)
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One easy way to argue that this is indeed the case is by using a limiting procedure that
can be interpreted as an ` → ∞ limit of the AdS radius by virtue of the AdS3/CFT2
correspondence.
The expression for the identity holomorphic block in a 2D CFT with conformal weights
h and central charge c in the limit of large central charge (keeping hi√
c
finite) reads [9]
V0(z) = exp
[
2h1h2
c
F(z)
]
, (6.7)
and similar for the anti-holomorphic block V¯0(z¯) where all quantities in (6.7) are simply
replaced by their barred counterparts. The limit of 1
`
=  → ∞ in AdS3 corresponds to
a particular I˙no¨nu¨–Wigner contraction in a 2D CFT. For the case at hand one has to
consider the following quantity9
F1 = lim
→0
exp
[
2h1h2
c
F(z)− 2h¯1h¯2
c¯
F(z¯)
]
, (6.8)
where
hi =
1
2
(
ξi

+ ∆i
)
, h¯i =
1
2
(
ξi

−∆i
)
, (6.9a)
c =
1
2
(c2

+ c1
)
, c¯ =
1
2
(c2

− c1
)
, (6.9b)
z = x+ t, z¯ = x− t. (6.9c)
In the limit → 0 this expression reduces to
F1 = exp
[
2
c2
(
(∆1ξ2 + ∆2ξ1 − c1
c2
ξ1ξ2)F(x) + t ξ1ξ2∂xF(x)
)]
+ O
(
1√
c2
)
, (6.10)
and matches (6.6) up to the term proportional to c1. In our case we have considered c1 to
be of O(1) due to quantum corrections and hence this term is subleading in 1/c2. There
is, however, a simple way to see how this term would appear from the point of view of
the geometric theory on which we now comment briefly.
There are several ways of obtaining c1 6= 0 from the onset. One could look at the reduction
of the gravitational sector of parity violating theories of gravity, such as e.g. topologically
massive gravity [111,112] in flat space or “reloaded” [86,113] versions of Einstein gravity.
A simple way to achieve this in the context of Chern-Simons theory is to perform the
reduction of section 3 including a non-zero trace for the sl(2,R) generators in isl(2,R),
i.e. take 〈LmLn〉 = −2k˜γmn in addition to the non-zero trace elements defined in (2.4). The
reduction for the terms proportional to k˜ then proceeds exactly as (one chiral half of) the
AdS3 case worked out in [63] and the result of this will be given by the term proportional
9One might wonder why there is a minus sign between the two term in (6.8) instead of a plus sign.
This change in sign is related to an automorphism of the Virasoro algebra of the form L¯n → −L¯−n and
c¯→ −c¯ that is necessary for the I˙no¨nu¨–Wigner contraction to correspond to the limit `→∞.
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to c1 in (2.32) for the kinetic part. In addition, the Schwarzian action proportional to the
first line of (2.34) with coefficient c1 should be added to the Hamiltonian.
In terms of the propagators of section 5.3.1 the addition of a non-zero c1 part in the
quadratic action would lead to adding the 〈α˜〉 propagator to the 〈α˜α˜〉 propagator with co-
efficient−c1/c2. Due to the expansion (6.3), this contributes a factor of− c1c2 ξ1ξ2〈J12 · α˜ J34 · 〉
to the final result, which gives exactly the term proportional to c1 in the exponent of
(6.10). For the interested reader we collect the full expressions of the propagators with
c1 6= 0 in Appendix B.
There is also an intrinsic argument due to [63] to see that (6.5) exponentiates in the limit
c2 → ∞ but keeping ξi√c2 and ∆i√c2 constant.10 Since all propagators (5.42) are of order
1/c2, we rescale the fields as
→ √
c2
, α˜→ α˜√
c2
, (6.11)
and we take
ξi =
√
c2 Xi , ∆i =
√
c2 Di . (6.12)
In the limit of large c2 with X and D fixed the bilocal (5.21) exponentiates as
B∆i,ξi(u1, ϕ1;u2, ϕ2)
〈O1O2〉cyl = exp
[
(F
(1)
12 )i · χ+ O
(
1√
c2
)]
, (6.13)
with
(F
(1)
12 · χ)i = Di(J(1)12 · ) + Xi(K(1)12 · ) + Xi(J(1)12 · α˜) . (6.14)
The operators J
(1)
12 and K
(1)
12 are defined in (5.51). This means that the vacuum block is
given by
F1 = 〈e(F
(1)
12 ·χ)1e(F
(1)
34 ·χ)2〉
(
1 + O
(
1√
c2
))
. (6.15)
In the limit c2 →∞ we can neglect self interactions of the fields  and α that means e.g.
terms of the form 〈(J12 · )(J12 · )〉 or 〈(K34 · )(J34 · α˜)(J34 · )〉. Thus, the remaining terms
in (6.15) that contribute have n powers of (F
(1)
12 · χ)1 that are contracted with n powers
of (F
(1)
34 · χ)2. There are n! possible contractions that are weighted with a factor of 1n!2
coming from the expansion of the two exponentials. After performing the contractions
one finds that the n-exchange contribution of the  and α fields is given by n! times the
nth power of the single-exchange i.e. one has
〈(F(1)12 · χ)n1 (F(1)34 · χ)n2 〉 = n!〈(F(1)12 · χ)1(F(1)34 · χ)2〉n. (6.16)
10Here we consider again that c1 ∼ O(1), otherwise the appropriate scaling limit would be to keep
1√
c2
(
∆i +
c1
c2
ξi
)
constant.
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That means that the vacuum block (up to terms of order O
(
1√
c2
)
) in this particular limit
can be written as
F1 ≈
∞∑
n=0
1
n!
〈(F(1)12 · χ)1(F(1)34 · χ)2〉n
= exp
[
2
c2
(
(∆1ξ2 + ∆2ξ1)F(x) + t ξ1ξ2∂xF(x)
)]
, (6.17)
which is precisely the expected expression (6.6) and consistent with (6.5).
6.2 Heavy-light identity block
The results of the last subsection could be obtained by explicitly summing over BMS3
descendants in the exchange channel, as shown in section A. Those results are valid for
primary operator weights small compared to c2. When ∆H , ξH ∼ c2 the true power of the
geometric theory comes to light and we are able to produce results not easily computable
by explicitly summing over BMS3 descendants at the relevant order of c2.
Operators with weights of order c2 are denoted as heavy operators. Their holographic
interpretation is that they source flat space cosmologies [77,114] with massM0 and angular
momentum L0. By comparing the 1-loop partition function on the massive orbit to the
characters of BMS3 in (4.21b) we have found that the weights of the operators creating a
flat space cosmology are:
ξH =
c2
24
(M0 + 1) , ∆H = − c2
12
L0 . (6.18)
The heavy-light limit of the BMS3 identity blocks can be computed by considering the
expectation value for the bilocal operator (5.21) in the geometric theory on a massive
BMS3 orbit, corresponding to a flat space cosmology with mass and angular momentum
M0 and L0 of order unity. To this end we set out to compute
〈OH |OL(ϕ1, u1)OL(ϕ2, u2)|OH〉 = 〈B∆L,ξL(ϕ1, u1;ϕ2, u2)〉FSC + . . . (6.19)
Here the dots denote terms corresponding to other operator exchanges in the intermediate
channel, since the bilocal only captures the identity operator exchange plus all its BMS3
descendants.
The machinery of the last section now needs to be adapted to the massive BMS3 orbits,
starting with appropriate bilocal on the massive orbit. We have already encountered this
operator in section 5.1 and we reinstate the result here for convenience
Bm∆,ξ(ϕ1, u1;ϕ2, u2) =
(
γ2f ′1f
′
2
22 sin2
(
γ
2
f12
))∆ exp(ξ(α′1
f ′1
+
α′2
f ′2
− 2L0
γ2
))
× exp
(
−ξγ
(
α12 − L0
γ2
f12
)
cot
(γ
2
f12
))
, (6.20)
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where we remind the reader that
γ =
√
−M0 =
√
1− 24ξH
c2
. (6.21)
We now compute the expectation value of this operator representing a light probe (with
weights ∆L, ξL ∼ O(1)) in a flat space cosmology background. The tree-level result is
easily given by taking the BMS3 fields (f, α(f)) to correspond to the saddle point on the
massive BMS3 orbit (f, α(f)) = (ϕ, u). We find
FHL1 =
(
γ
2 sin
(
γ
2
ϕ12
))2∆L e−ξLγ(u12−L0γ2 ϕ12) cot( γ2ϕ12)− 2ξLL0γ2 + O( 1
c2
)
(6.22)
≡ 〈OLOL〉FSC + O
(
1
c2
)
.
We continue to compute the O(1/c2) corrections to this expression by expanding (6.20)
to second order in perturbation theory and computing its expectation value using the
propagators (5.43). In expanding the bilocal (6.20) around the saddle point we can safely
ignore linear terms and terms quadratic in , as we have 〈〉 = 0. The terms that do
contribute are:
FHL1 = 〈OLOL〉FSC
(
1 + ξLVξ + ξ
2
LVξξ + ∆LξLV∆ξ + . . .
)
, (6.23)
with
Vξ =
γ2α˜1212
2 sin2
(
γ
2
ϕ12
) − α˜′1′1 − α˜′2′2, (6.24a)
V∆ξ =
(
α˜′1 + α˜
′
2 − γ cot
(
γ
2
ϕ12
)
α˜12
) (
′1 + 
′
2 − γ cot
(
γ
2
ϕ12
)
12
)
, (6.24b)
Vξξ =
(
α˜′1 + α˜
′
2 − γ cot
(
γ
2
ϕ12
)
α˜12
) [1
2
(
α˜′1 + α˜
′
2 − γ cot
(
γ
2
ϕ12
)
α˜12
)
(6.24c)
+
γ212
2 sin2
(
γ
2
ϕ12
) (u12 − L0
γ2
(
ϕ12 − 1
γ
sin (γϕ12)
))]
.
To continue, we need the coincidence point limit of the correlation functions. Like before,
we regulate the correlators taken at the same points by displacing them by an infinitesimal
imaginary amount. This gives
〈α˜11〉 = − 6
c2γ2
(2γE + ψ(γ) + ψ(−γ)) , (6.25a)
〈α˜1α˜1〉 = −12L0
c2γ4
(
2γE + ψ(γ) + ψ(−γ) + γ
2
ζ(2,−γ)− γ
2
ζ(2, γ)
)
, (6.25b)
〈α˜′1′1〉 = −
6
c2
(2γE + 2 log(δϕ − µLδu) + ψ(γ) + ψ(−γ)) , (6.25c)
〈α˜′1α˜′1〉 =
6L0
c2γ
(
ζ(2, γ)− ζ(2,−γ)
)
− 12δu
c2(δϕ − µLδu) , (6.25d)
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where here γE is the EulerMascheroni constant, ψ(x) =
Γ′(x)
Γ(x)
is the digamma function and
ζ(s, q) is the Hurwitz zeta function.
We now have all the ingredients to compute the 1/c2 corrections to the heavy-light identity
block. The result is, taking (ϕ1, u1)→ (ϕ, u) and (ϕ2, u2)→ (0, 0)
Vξ = − 3
c2
csc2
(γϕ
2
)[
Φ(eiϕ, 1, γ) + Φ(e−iϕ, 1, γ) + Φ(eiϕ, 1,−γ) + Φ(e−iϕ, 1,−γ)
+ 2 cos(γϕ)(2γE + ψ(γ) + ψ(−γ)) + 4 log
(
2 sin
(ϕ
2
))]
+
24
c2
log δϕ , (6.26a)
V∆ξ = − 6
c2
csc2
(γϕ
2
)[
B(eiϕ, γ, 0) +B(e−iϕ, γ, 0) +B(eiϕ,−γ, 0) +B(e−iϕ,−γ, 0)
+ 2(2γE + ψ(γ) + ψ(−γ)) + 4 log
(
2 sin
(ϕ
2
))]
+
24
c2
log
(
2
δϕ
sin
(ϕ
2
))
, (6.26b)
and
Vξξ = −6L0
c2γ
csc2
(γϕ
2
)[ iϕ
1− eiγϕ
(
B(eiϕ, γ, 0) +B(e−iϕ,−γ, 0) + Φ(eiϕ, 1,−γ) + Φ(e−iϕ, 1, γ))
− 1
2
eiγϕΦ(eiϕ, 2, γ) +
1
2
e−iγϕΦ(eiϕ, 2,−γ)− 1
2
e−iγϕΦ(e−iϕ, 2, γ) +
1
2
eiγϕΦ(e−iϕ, 2,−γ)
+ ζ(2, γ)− ζ(2,−γ)− ϕ cot
(γϕ
2
)(
2γE + ψ(γ) + ψ(−γ) + 2 log
(
2 sin
(ϕ
2
)))]
+
u
2
∂ϕV∆ξ − 12δu
c2δϕ
, (6.26c)
where we have used the identity relating the Lerch transcendant Φ(z, 1, a) to the incom-
plete Beta function B(z, a, 0) as
B(z, a, 0) = zaΦ(z, 1, a). (6.27)
This concludes our computation of the 1/c2 corrections to the identity BMS3 block in
the haevy-light limit. We now use this result to obtain the quantum corrections to the
entanglement entropy in a BMS3 invariant field theory dual to a flat space cosmology.
6.2.1 Quantum corrections to the FSC Entanglement Entropy
In analogy to the computation performed in section 5.3, we are now able to use the results
of the last subsection to compute the n → 1 limit of (5.3) for correlation functions on
the massive orbits of BMS3 that are dual to flat space cosmologies. We do this by taking
n-derivative of the n-th power of (6.23) with light weights given by (5.4) and then taking
the n→ 1 limit. The result is
SFSCEE = S
FSC,tree
EE −
c2
12
Vξ , (6.28)
where SFSC,treeEE is given in equation (5.29) and Vξ is given in equation (6.26) above (but
one should take ϕ → ϕ12). The answer is again exact in the perturbative expansion in
1/c2 by applying the same arguments of section 5.3.
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7 Discussion
In this work we have refined and further developed flat space holographic methods by using
the geometric action on the coadjoint orbit of the BMS3 group. We have performed the
Hamiltonian reduction of the classical gravity action in Chern-Simons form and obtained
exactly the geometric action on the coadjoint orbits of the BMS3 group of [62]. The orbit
representatives correspond to the zero modes of the gravitational charges as we have
shown by explicitly by taking into account the bulk holonomy, generalizing earlier work
by [58].
This makes the relationship between the different gravitational saddles obeying Barnich-
Compe`re [40] boundary conditions and the coadjoint orbits of the BMS3 group explicit
and provides an action principle for ‘flat space boundary gravitons’. These are the excited
states generated by boundary condition preserving diffeomorphisms of a given gravita-
tional saddle and correspond to descendants of primary operators in the boundary BMS3
field theory. The action can be used to compute the contribution of stress-tensor descen-
dants to the one-loop partition function of a given classical saddle on the torus and we
show that this corresponds exactly to the BMS3 character obtained earlier in [79,81]. The
comparison with the BMS3 characters gives us a relation between the weights of primaries
in a BMS3 invariant field theory and the mass and angular momentum of the flat space
cosmologies. We have further noticed that zeta function regularization of the partition
function induces a shift in the BMS3 central charge c1 by 26 in the case of the vacuum
orbits and by 2 for the generic orbits.
We have also shown how to construct bilocal operators whose vacuum expectation value
corresponds to two-point functions of primary operators in the BMS3 invariant quantum
field theory. By expanding these operators in 1/c2 and using perturbation theory in
the geometric action, we have obtained the leading order quantum correction to these
bilocal operators, coming from stress tensor descendants of the BMS3 primary fields.
We have used this result to compute the quantum corrections to entanglement entropy
in BMS3 invariant quantum field theories and to compute the 1/c2 corrections to the
BMS3 identity blocks, both for light external operators and in the heavy-light limit. The
quantum corrections to the entanglement entropy also induce a shift of c1 (albeit by
a different number than the partition function), while keeping c2 = 3/GN fixed. This
indicates that in pure three-dimensional flat space quantum gravity, Newtons constant is
not renormalized by quantum corrections. Instead quantum corrections lead to a non-zero
c1, indicative of a quantum gravitational anomaly.
11
Several subtleties and extensions of the work presented here deserve a comment. In this
paper we have concerned ourselves exclusively with a single boundary, leaving aside the
interesting and relevant question on how to connect I + and I − through the boundary
theory/symmetries (see [116,117] for a 3D discussion on linking I + and I − a la [118]).
11A shift in c1 can also be obtained from a deformation of the BMS3 algebra, as explained in [115]. In
this sense one could view the quantum corrections as leading to a deformed algebra in the field theory.
We thank M. M. Sheikh-Jabbari and H. R. Safari for pointing this out.
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In the present setup, we have supposed the manifold to be a disk times a null line, with
the boundary of the disk being either I + or I −. If this was indeed the whole setup, we
could not allow for a non-trivial holonomy, as any cycle on the disk is contractible. In
fact, the presence of a holonomy assumes that we are dealing with a non-trivial topology
in the interior, for instance, another boundary where we could define another set of
boundary conditions. One could imagine topologically deforming the interior of 3D flat
spacetime to form an annulus times a null direction, where the inner boundary of the
annulus corresponds to I − and the outer boundary is I +. In that case, following the
work of [51], the two boundaries can have separate dynamics, but are coupled though the
holonomy that has the effect of coupling the zero modes of the fields on both boundaries.
The present work describes a single boundary in this situation, ignoring the dynamics
at the inner boundary, or at the past/future of I +/−. The complete setup with two
boundaries has recently been explored in AdS3 [56,119] and it would be interesting to see
how in flat spacetime this could lead to a linking of the theories at I + and I −.
Besides the topology, we have also assumed the holonomy to be non-dynamical. This was
sufficient to obtain an effective theory of BMS3 transformations around a gravitational
saddle with constant mass M0 and angular momentum L0. The complete setup would,
however, treat the holonomy as a dynamical variable. Then one would need to extend the
phase space of the boundary theory from a single BMS3 coadjoint orbit to the collection of
all orbits and include a canonical conjugate to the holonomy to obtain a non-degenerate
symplectic form on this extended phase space [56]. In addition, the orbit representa-
tives in the BMS3 coadjoint action need not be constant and an interesting question is
what gravitational solutions (if any) correspond to BMS3 orbits with non-constant rep-
resentatives. To the best of our knowledge this question is also an open question in the
AdS3/CFT2 setup, where it is not known what kind of locally AdS3 solutions correspond
to Virasoro coadjoint orbits with non-constant representatives.
Another open question is whether the one-loop partition function we have computed in sec-
tion 4 is exact. We suspect that it is, by virtue of the arguments made in the AdS3/CFT2
setup discussed in [63]. In that case, the boundary action is the Alekseev-Shatashvili
action on the coadjoint orbit of the Virasoro group and a suitable generalization of the
Duistermaat-Heckman theorem [73] can be made to show that the partition function is
one-loop exact (following closely the argument for the Schwarzian action of [74]). We sus-
pect that similar arguments can be made for the case described in this work, supported
by the fact that the Duistermaat-Heckman argument can be generalized to the geometric
action on the coadjoint orbit of any semi-simple Lie group. All that remains to be done is
to generalize this to (centrally extended) semi-direct product groups, such as the BMS3
group. If true, it could also be quite rewarding to investigate how the one-loop exactness
can be utilized to compute other observables exactly.
The Wilson line setup we used in section 6 only allowed to compute the identity BMS3
block. In order to be able to compute other BMS3 blocks, such as the ones considered
in [83, 84, 104, 109], one would have to work out the open Wilson line networks of [110]
for flat spacetimes, by gluing the Wilson lines in the interior using the isl(2,R) Clebsch-
Gordan coefficients. In the present context, due to our radial gauge choice, this entire
45
Wilson line network could be reduced to the boundary completely and computed using the
expectation values of the fields in the geometric theory. One could hope that the one-loop
exactness of the theory would aid in giving exact results, but this is a very speculative
statement at this point.
Generalizations of the present work to the supersymmetric case are also of interest. The
reduction of the boundary of N = 1 flat space supergravity was already performed in [86]
and N = 2 BMS3 invariant WZW-models were considered recently in [120, 121], however
the relation to the geometric action on the coadjoint orbits of supersymmetric extensions
of the BMS3 group was not yet exposed. It seems that the techniques and methods
discussed here can straightforwardly be applied to the supersymmetric extensions of the
BMS3 algebra and flat space supergravities of [122–124].
Another interesting connection was made recently between the geometric action on the
coadjoint orbits of the Virasoro group and complexity growth in two-dimensional CFTs
[125]. In that work a suitable definition for Nielsen complexity for 2D CFTs was intro-
duced and led to the Alekseev-Shatashvili action as complexity functional for the CFT.
Since the Alekseev-Shatashvili action also arises from the Hamiltonian reduction of AdS3
gravity with Brown-Henneaux boundary conditions, one could view this as an explicit re-
alization of the “complexity equals bulk action” proposal of [126]. It would be rewarding
to see if these arguments can also be applied to BMS3 invariant field theories and gravity
in asymptotically flat spacetimes.
Finally, a flurry of activity (see for instance [127–133] among others) has recently been
devoted to understanding the link between the S-matrix in 4d Minkowski spacetimes
and correlation functions on the celestial sphere, after methods pioneered in [134]. The
four-dimensional Lorentz group SL(2,C) acts as the two-dimensional global conformal
group on the celestial sphere at infinity that is extended to the full conformal group of
quantum gravitational scattering in 4D Minkowski spacetimes [127,128]. This conformal
group is contained within the extended BMS4 group [41] as superrotations. It would
be very interesting to see whether similar connections as exposed in this paper can be
made between the geometric quantization methods of Kirrilov and Konstant applied to
the BMS4 group and gravitational scattering in 4D Minkowski spacetime.
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A Identity BMS3 block by direct computation
As a cross check of the Wilson line computation performed in Section 6, we proceed here
to compute the identity BMS3 block directly, following the approach of computing the
Virasoro identity block directly in the large c limit presented in appendix B of [9].
A.1 BMS3 field theories
We start by fixing notation and conventions and we review briefly the necessary elements
of BMS3 invariant field theory. We mostly use the same conventions as [135], with x↔ t.
The bms3 algebra is given by (2.18). Primary fields transform under bms3 transformations
as
[Ln, φp(x, t)] =
[
xn+1∂x + (n+ 1)tx
n∂t + ξpn(n+ 1)tx
n−1 (A.1a)
+ ∆p(n+ 1)x
n
]
φp(x, t) ,
[Mn, φp(x, t)] =
[
xn+1∂t + ξp(n+ 1)x
n
]
φp(x, t) . (A.1b)
The vacuum state in the highest-weight representation is defined as being annihilated by
the global Poincare´ subalgebra of bms3 and all lowering operators Ln, Mn with n > 0.
Ln|0〉 = Mn|0〉 = 0 , ∀n ≥ −1 . (A.2)
Inserting primary field φp(x, t) at the origin of the Carrollian plane R1,1 generates primary
states |p〉 in the highest-weight representations
φp(0, 0)|0〉 ≡ |p〉 , (A.3)
where |p〉 is defined such that
L0|p〉 = ∆p|p〉 , M0|p〉 = ξp|p〉 , Ln|0〉 = Mn|0〉 = 0 , ∀n ≥ 1 . (A.4)
The BMS modules (analogue to the Verma modules in CFT) are defined by acting with
raising operators Ln, Mn, with n < 0 on the primary states, defining the BMS descendant
states at level N
|p, {N}〉 = L−{k}M−{l}|p〉 ≡ L−k1 . . . L−kiM−l1 . . . M−lj |p〉 , (A.5)
where {N} denotes two sets of integers {k} and {l}, whose total level N is the sum of
all elements in the sets and we organize each of them in descending order (k1 ≥ k2 and
l1 ≥ l2, . . . ).
The Hermitian conjugate states are
〈p| = lim
x→∞
x2∆p〈0|φp(x, 0) . (A.6)
Hermitian conjugation inverts the order of the descendant operators and takes
L
†
k = L−k , M
†
l = M−l . (A.7)
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Hence
〈p, {N}| = 〈p|Mlj . . . Ml1Lki . . . Lk1 . (A.8)
The out states (A.6) are annihilated by the raising operators Ln, Mn with n < 0.
The correlation functions between primaries are invariant under the global Poincare´ sub-
algebra. This fixes the functional form of the normalized two-point function completely
〈φm(x1, t1)φn(x2, t2)〉 = δ∆m,∆nδξm,ξn
x∆m+∆n12
e
−(ξm+ξn) t12x12 , (A.9)
where t12 = t2 − t1 and likewise for x12. The three-point function between primaries
depend on a single coefficient cimn
〈φi(x1, t1)φm(x2, x2)φn(x3, t3)〉 = cimn
x∆imn12 x
∆mni
23 x
∆inm
13
e
−ξimn t12x12−ξmni
t23
x23
−ξinm t13x13 , (A.10)
where ∆imn = ∆i + ∆m −∆n and likewise for ξimn. The four-point function can depend
on a general function of the invariant cross ratios X and T . We will write it as
〈φm(x1)φm(x2, t2)φn(x3, t3)φn(x4, t4)〉 = x−2∆m12 x−2∆n34 e−2ξm
tij
x12
−2ξn t34x34FBMS(X,T ) ,
where FBMS is an arbitrary function of the BMS3 cross ratios
X =
x12x34
x13x24
,
T
X
=
t12
x12
+
t34
x34
− t13
x13
− t24
x24
. (A.11)
The functions FBMS can be decomposed into BMS3 blocks, similarly as one would do for
conformal blocks in CFTs.
A.2 BMS3 blocks
To get a handle on the BMS3 blocks we define an identity operator as a sum over a
complete set of states in the theory. To this end we first consider the Gram matrix of
inner products of descendents of a primary p at a given level N . We denote it by Mp{N},{N ′}
and it is defined as
Mp{N},{N ′} = 〈p, {N}|p, {N ′}〉. (A.12)
The Gram matrix is orthogonal in the sense that it vanishes for N 6= N ′. Within a given
level N = N ′ it is not orthogonal but instead can be brought into triangular form, with
only non-zero entries in the upper left corner, extending to the anti-diagonal. The inverse
of the Gram matrix M
{N},{N ′}
p can be used to define a projection operator
P =
∑
p,{N},{N ′}
|p, {N}〉M{N},{N ′}p 〈p, {N ′}|. (A.13)
Even though the states |p, {N}〉 are not orthogonal, by including the inverse of the Gram
matrix this projection operator is. This can be easily checked by noting that P|q, {M}〉 =
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|q, {M}〉 and 〈q, {M}|P = 〈q, {M}|. This implies that one can always insert P into
any correlation function. In particular, inserting this into a four-point function of BMS3
primary operators gives
〈φm(x1, t1)φm(x2, t2)Pφn(x3, t3)φn(x4, t4)〉 (A.14)
=
∑
p,{N},{N ′}
〈φm(x1, t1)φm(x2, t2)|p, {N}〉M{N},{N ′}p 〈p, {N ′}|φn(x3, t3)φn(x4, t4)〉
≡ 〈φm(x1, t1)φm(x2, t2)〉〈φn(x3, t3)φn(x4, t4)〉
∑
p
cmmpcnnpFp(X,T ; ∆i, ξi) .
Here i = m,n and ciip are theory dependent structure constants (the coefficients of the
three-point functions). The final equality defines the BMS3 blocks Fp(X,T ; ∆i, ξi). It
contains all theory-independent information. They include the sum over all BMS3 de-
scendants, but exclude the sum over primaries. Hence there is a BMS3 block associated
to each BMS primary exchange in the four-point function and this correlator decomposes
into a sum over the blocks for all primaries in the theory.
Using a global Poincare´ transformation we can always take the coordinates to the special
values
{(xi, ti), (xj, tj), (xm, tm), (xn, tn)} = {(∞, 0), (1, 0), (x, t), (0, 0)} . (A.15)
In that case T = t and X = x and the BMS3 blocks can be computed as
Fp(x, t; ∆i, ξi) =
〈φm(∞, 0)φm(1, 0)Pφn(x, t)φn(0, 0)〉
〈φm(∞, 0)φm(1, 0)〉〈φn(x, t)φn(0, 0)〉
=
∑
{N},{N ′}
〈m|φm(1, 0)|p, {N}〉M{N},{N
′}
p 〈p, {N ′}|φn(x, t)|n〉
cmmpcnnpx−2∆n exp(−2ξn tx)
. (A.16)
The structure constants ciip in the denominator are only there to cancel the three-point
function coefficients in the nominator and hence from now on we omit both in any explicit
computation.
We are interested here in the case where the primary p is the identity operator (that
has BMS weights (∆, ξ) = (0, 0) ). This implies that φ1(0, 0)|0〉 = |0〉 and hence |1, {N}〉
does not contain any descendants generated by L−1 and M−1. This in turn implies that the
inverse Gram matrix for any descendant is of order 1/c2, as all order one contributions
to the inverse Gram matrix are coming from the descendants generated by the global
subalgebra [83].
Let us focus now on the 1/c2 contribution to the identity BMS3 block. The only contri-
butions to the inverse Gram matrix at this order are coming from the single descendant
states 〈0|LmM−m|0〉 and 〈0|MmL−m|0〉. This, together with the triangular structure of the
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Gram matrix, allows us to write
F1(x, t; ∆i, ξi) = 1+
∞∑
m=2
〈m|φm(1, 0)L−m|0〉〈0|Mmφn(x, t)|n〉
〈0|MmL−m|0〉x−2∆n exp(−2ξn tx)
(A.17)
+
∞∑
m=2
〈m|φm(1, 0)M−m|0〉〈0|Lmφn(x, t)|n〉
〈0|LmM−m|0〉x−2∆n exp(−2ξn tx)
+ O
(
1
c22
)
.
One can now evaluate all the correlators in this expression and explicitly perform the sum.
The inner products 〈0|LmM−m|0〉 and 〈0|MmL−m|0〉 are easily obtained using the commu-
tation relation (2.18) (with conventional normalization for the central terms). They read
〈0|LmM−m|0〉 = 〈0|MmL−m|0〉 = c2
12
m(m2 − 1). (A.18)
To compute the numerators we use the commutators of the bms3 generators with the
primaries (A.1) to turn the three-point functions into a differential operator acting on a
two-point function. To be more precise, we write:
〈φ1(x1, t1)φ1(x2, t2)X−m|0〉 =− 〈[X−m, φ1(x1, t1)]φ1(x2, t2)〉 (A.19)
− 〈φ1(x1, t1)[X−m, φ1(x2, t2)]〉.
For X−m = M−m this becomes
〈φ1(x1, t1)φ1(x2, t2)M−m|0〉 = (A.20)
− [x1−m1 ∂t1 + x1−m2 ∂t2 + ξ1(1−m)(x−m1 + x−m2 )]〈φ1(x1, t1)φ1(x2, t2)〉,
and for X−m = L−m
〈φ1(x1, t1)φ1(x2, t2)L−m|0〉 = −
[
x1−m1 ∂x1 + x
1−m
2 ∂x2 + (1−m)
(
t1x
−m
1 ∂t1 + t2x
−m
2 ∂t2
)
+ ξ1m(m− 1)
(
t1x
−m−1
1 + t2x
−m−1
2
)
+ ∆1(1−m)(x−m1 + x−m2 )
]〈φ1(x1, t1)φ1(x2, t2)〉.
(A.21)
Using the expression for the two-point function (A.9) this evaluates to
〈φ1φ1M−m〉
〈φ1φ1〉 = ξ1
(
(m− 1) (x−m1 + x−m2 )+ 2x12 (x1−m1 − x1−m2 )
)
, (A.22a)
〈φ1φ1L−m〉
〈φ1φ1〉 = ∆1
(
(m− 1) (x−m1 + x−m2 )+ 2x12 (x1−m1 − x1−m2 )
)
(A.22b)
+ ξ1
(
m(1−m) (x−1−m1 t1 + x−1−m2 t2)+ 2(1−m)x12 (t1x−m1 − t2x−m2 )
− 2t12
x212
(
x1−m1 − x1−m2
))
.
The same technique can be used to compute the 〈Xmφ2φ2〉 correlators appearing in the
nominator of (A.17). Putting everything together we see that the O(1/c2) contribution
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to the BMS3 identity block is
F1(x, t; ∆i, ξi) = 1 +
12
c2
(∆1ξ2 + ∆2ξ1)
∞∑
m=2
(m− 1)2
m(m2 − 1)x
m (A.23)
+
12
c2
ξ1ξ2
∞∑
m=2
(m− 1)2
(m2 − 1)tx
m−1 + O
(
1
c22
)
= 1 +
2
c2
(∆1ξ2 + ∆2ξ1)x
2
2F1(2, 2; 4, x) +
2
c2
t ξ1ξ2∂x
(
x2 2F1(2, 2; 4, x)
)
+ O
(
1
c22
)
.
This expression matches exactly with the one computed from the Wilson lines reduced to
the boundary geometric theory of the coadjoint orbits of BMS3 for c1 = 0.
B Propagators with C1 6= 0
In this part of the appendix we collect the propagators (5.42) and (5.43) with C1 6= 0
where with C1 here we mean the full central charge C1 i.e. C1 = c1 + 26 for the vacuum
orbit and C1 = c1 + 2 for the massive orbit. The vacuum orbits are given by
〈(ϕ, u)(0, 0)〉 = 0, (B.1a)
〈α˜(ϕ, u)(0, 0)〉 = 3
c2
(
3ζ − 2− 2(1− ζ)
2
ζ
log (1− ζ)
)
, (B.1b)
〈α˜(ϕ, u)α˜(0, 0)〉 = 3iuµM
c2
(
2 + ζ − 2(ζ
2 − 1)
ζ
log(1− ζ)
)
− c1 + 26
c2
〈α˜(ϕ, u)(0, 0)〉
= iµMu ζ∂ζ〈α˜(ϕ, u)(0, 0)〉 − c1 + 26
c2
〈α˜(ϕ, u)(0, 0)〉. (B.1c)
For the massive orbits, the propagators are
〈(ϕ, u)(0, 0)〉 =0, (B.2a)
〈α˜(ϕ, u)(0, 0)〉 = 6
c2γ2
(
2 log(1− ζ) + Φ(ζ, 1, γ) + Φ(ζ, 1,−γ)
)
, (B.2b)
〈α˜(ϕ, u)α˜(0, 0)〉 = 6
c2
β
(
Φ(ζ, 2, γ)− Φ(ζ, 2,−γ)
)
(B.2c)
+
(
2βγ − c1 + 2
c2
+ iµMu ζ∂ζ
)
〈α˜(ϕ, u)(0, 0)〉,
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where β =
24∆H+(c1+2)(γ2−1)
2c2γ3
. For the coincident points one has for the vacuum orbit
〈α˜(ϕ+ iδϕ, u+ iδu)(ϕ, u)〉 = 3
c2
+ . . . , (B.3)
〈α˜(ϕ+ iδϕ, u+ iδu)α˜(ϕ, u)〉 = −3(c1 + 26)
c22
+ . . . , (B.4)
〈α˜′(ϕ+ iδϕ, u+ iδu)′(ϕ, u)〉 = −9 + 12 log(δϕ − µLδu)
c2
+ . . . , (B.5)
〈α˜′(ϕ+ iδϕ, u+ iδu)α˜′(ϕ, u)〉 = − 12δu
c2(δϕ − µLδu) +
c1 + 26
c22
(9 + 12 log(δϕ − µLδu)) + . . . ,
(B.6)
and for the massive orbit
〈α˜11〉 = − 6
c2γ2
(2γE + ψ(γ) + ψ(−γ)) , (B.7a)
〈α˜1α˜1〉 = −12β
c2γ
(
2γE + ψ(γ) + ψ(−γ) + γ
2
ζ(2,−γ)− γ
2
ζ(2, γ)
)
− c1 + 2
c2
〈α˜11〉 , (B.7b)
〈α˜′1′1〉 = −
6
c2
(2γE + 2 log(δϕ − µLδu) + ψ(γ) + ψ(−γ)) , (B.7c)
〈α˜′1α˜′1〉 =
6βγ2
c2γ
(
ζ(2, γ)− ζ(2,−γ)
)
− 12δu
c2(δϕ − µLδu) −
c1 + 2
c2
〈α˜′1′1〉 . (B.7d)
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